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Preface to the second
edition

Let me thank everyone who over the past decade has provided me with sugges-
tions and corrections for improving the first edition of this book. I am extraor-
dinarily grateful. Although I have not always followed these many pieces of
advice and criticism, I have thought carefully about them all. So many people
have helped me out that it is unfortunately no longer feasible to list all their
names. I have also received great help from everyone at the AMS, especially
Sergei Gelfand, Stephen Moye and Arlene O’Sean. The NSF has generously
supported my research during the writing of both the original edition of the
book and this revision. I will continue to maintain lists of errors on my home-
page, accessible through the math.berkeley.edu website.

When you write a big book on a big subject, the temptation is to include
everything. A critic famously once imagined Tolstoy during the writing of War
and Peace: “The book is long, but even if it were twice as long, if it were three
times as long, there would always be scenes that have been omitted, and these
Tolstoy, waking up in the middle of the night, must have regretted. There must
have been a night when it occurred to him that he had not included a yacht
race...” (G. Moore, Avowals).

This image notwithstanding, I have tried to pack into this second edition
as many fascinating new topics in partial differential equations (PDE) as I
could manage, most notably in the new Chapter [[J on nonlinear wave equa-
tions. There are new sections on Noether’s Theorem and on local minimizers
in the calculus of variations, on the Radon transform, on Turing instabilities for
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xii Preface to the second edition

reaction-diffusion systems, etc. I have rewritten and expanded the previous dis-
cussions on blow-up of solutions, on group and phase velocities, and on several
further subjects. T have also updated and greatly increased citations to books in
the bibliography and have moved references to research articles to within the
text. There are countless further minor modifications in notation and wording.
Most importantly, I have added about 80 new exercises, most quite interesting
and some rather elaborate. There are now over 200 in total.

And there is a yacht race among the problems for Chapter [L0.

LCE
January, 2010
Berkeley

This third printing of the second edition corrects all known mistakes, as of
February, 2022.



Preface to the first
edition

I present in this book a wide-ranging survey of many important topics in the
theory of partial differential equations (PDE), with particular emphasis on var-
ious modern approaches. I have made a huge number of editorial decisions
about what to keep and what to toss out, and can only claim that this selection
seems to me about right. I of course include the usual formulas for solutions
of the usual linear PDE, but also devote large amounts of exposition to energy
methods within Sobolev spaces, to the calculus of variations, to conservation
laws, etc.

My general working principles in the writing have been these:

a. PDE theory is (mostly) not restricted to two independent variables.
Many texts describe PDE as if functions of the two variables (x, y) or (x, t) were
all that matter. This emphasis seems to me misleading, as modern discoveries
concerning many types of equations, both linear and nonlinear, have allowed
for the rigorous treatment of these in any number of dimensions. I also find it
unsatisfactory to “classify” partial differential equations: this is possible in two
variables, but creates the false impression that there is some kind of general
and useful classification scheme available in general.

b. Many interesting equations are nonlinear. My view is that overall we
know too much about linear PDE and too little about nonlinear PDE. I have
accordingly introduced nonlinear concepts early in the text and have tried hard
to emphasize everywhere nonlinear analogues of the linear theory.

xiii



xiv Preface to the first edition

c. Understanding generalized solutions is fundamental. Many of the
partial differential equations we study, especially nonlinear first-order equa-
tions, do not in general possess smooth solutions. It is therefore essential to
devise some kind of proper notion of generalized or weak solution. This is an
important but subtle undertaking, and much of the hardest material in this
book concerns the uniqueness of appropriately defined weak solutions.

d. PDE theory is not a branch of functional analysis. Whereas certain
classes of equations can profitably be viewed as generating abstract operators
between Banach spaces, the insistence on an overly abstract viewpoint, and
consequent ignoring of deep calculus and measure theoretic estimates, is ulti-
mately limiting.

e. Notation is a nightmare. I have really tried to introduce consistent no-
tation, which works for all the important classes of equations studied. This
attempt is sometimes at variance with notational conventions within a given
subarea.

f. Good theory is (almost) as useful as exact formulas. Iincorporate this
principle into the overall organization of the text, which is subdivided into
three parts, roughly mimicking the historical development of PDE theory it-
self. Part [] concerns the search for explicit formulas for solutions, and Part [[]
the abandoning of this quest in favor of general theory asserting the existence
and other properties of solutions for linear equations. Part [I] is the mostly
modern endeavor of fashioning general theory for important classes of nonlin-
ear PDE.

Let me also explicitly comment here that I intend the development within
each section to be rigorous and complete (exceptions being the frankly heuris-
tic treatment of asymptotics in §f.5 and an occasional reference to a research
paper). This means that even locally within each chapter the topics do not
necessarily progress logically from “easy” to “hard” concepts. There are many
difficult proofs and computations early on, but as compensation many easier
ideas later. The student should certainly omit on first reading some of the more
arcane proofs.

I wish next to emphasize that this is a textbook, and not a reference book. I
have tried everywhere to present the essential ideas in the clearest possible set-
tings, and therefore have almost never established sharp versions of any of the
theorems. Research articles and advanced monographs, many of them listed
in the Bibliography, provide such precision and generality. My goal has rather
been to explain, as best I can, the many fundamental ideas of the subject within
fairly simple contexts.



Preface to the first edition XV

I have greatly profited from the comments and thoughtful suggestions of
many of my colleagues, friends and students, in particular: S. Antman, J. Bang,
X. Chen, A. Chorin, M. Christ, J. Cima, P. Colella, J. Cooper, M. Crandall,
B. Driver, M. Feldman, M. Fitzpatrick, R. Gariepy, J. Goldstein, D. Gomes,
O. Hald, W. Han, W. Hrusa, T. Ilmanen, I. Ishii, I. Israel, R. Jerrard, C. Jones,
B. Kawohl, S. Koike, J. Lewis, T.-P. Liu, H. Lopes, J. McLaughlin, K. Miller,
J. Morford, J. Neu, M. Portilheiro, J. Ralston, F. Rezakhanlou, W. Schlag,
D. Serre, P. Souganidis, J. Strain, W. Strauss, M. Struwe, R. Temam, B. Tvedt,
J.-L. Vazquez, M. Weinstein, P. Wolfe, and Y. Zheng.

I especially thank Tai-Ping Liu for many years ago writing out for me the
first draft of what is now Chapter [LT.

I am extremely grateful for the suggestions and lists of mistakes from earlier
drafts of this book sent to me by many readers, and I encourage others to send
me their comments, at evans@math.berkeley.edu. I have come to realize that
I must be more than slightly mad to try to write a book of this length and com-
plexity, but I am not yet crazy enough to think that I have made no mistakes. I
will therefore maintain a listing of errors which come to light, and will
make this accessible through the math.berkeley.edu homepage.

Faye Yeager at UC Berkeley has done a really magnificent job typing and
updating these notes, and Jaya Nagendra heroically typed an earlier version at
the University of Maryland. My deepest thanks to both.

I have been supported by the NSF during much of the writing, most re-
cently under grant DMS-9424342.

LCE
August, 1997
Berkeley
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Chapter 1

Introduction

This chapter surveys the principal theoretical issues concerning the solving of
partial differential equations.

To follow the subsequent discussion, the reader should first of all turn to
Appendix [A and look over the notation presented there, particularly the mul-
tiindex notation for partial derivatives.

1.1. PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation (PDE) is an equation involving an unknown
function of two or more variables and certain of its partial derivatives.

Using the notation explained in Appendix A, we can write out symbolically
a typical PDE, as follows. Fix an integer k > 1 and let U denote an open subset
of R".

DEFINITION. An expression of the form

(1) F(D*u(x), D*"u(x), ..., Du(x),u(x),x) =0 (x € U)

is called a k™"-order partial differential equation, where
F:RYXR" x-.xR'XRXU - R

is given and
u:U-R

is the unknown.

We solve the PDE if we find all u verifying (), possibly only among those
functions satisfying certain auxiliary boundary conditions on some part I' of

1



2 1. Introduction

dU. By finding the solutions we mean, ideally, obtaining simple, explicit solu-
tions, or, failing that, deducing the existence and other properties of solutions.

DEFINITIONS.

(i) The partial differential equation () is called linear if it has the form

Y, aa()D%u = f(x)

la|<k
for given functions a, (|a| < k), f. This linear PDE is homogeneous if f = 0.

(ii) The PDE ([l)) is semilinear if it has the form

D% ag(x)D%u + apg(D*¥'u,..., Du,u, x) = 0.
lt|=k

(iii) The PDE ([[) is quasilinear if it has the form

Z aq (D, ..., Du,u, x)D%u + ag(D*u, ..., Du,u, x) = 0.
let|=k

(iv) The PDE () is fully nonlinear if it depends nonlinearly upon the high-
est order derivatives.

A system of partial differential equations is, informally speaking, a collec-
tion of several PDE for several unknown functions.

DEFINITION. Let k be a positive integer. An expression of the form
2) F(D*u(x), D¥~'u(x),...,Du(x),u(x),x) =0 (x € U)
is called a k™"-order system of partial differential equations, where
F : R X R 5 x R X R X U — R™
is given and
u:U-R" u=wl...,um

is the unknown.

Here we are supposing that the system comprises the same number m of
scalar equations as unknowns (u!,...,u™). This is the most common circum-
stance, although other systems may have fewer or more equations than un-
knowns. Systems are classified in the obvious way as being linear, semilinear,
etc.

NOTATION. We write “PDE” as an abbreviation for both the singular “partial
differential equation” and the plural “partial differential equations”.
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1.2. EXAMPLES

There is no general theory known concerning the solvability of all partial dif-
ferential equations. Such a theory is extremely unlikely to exist, given the rich
variety of physical, geometric, and probabilistic phenomena which can be mod-
eled by PDE. Instead, research focuses on various particular partial differential
equations that are important for applications within and outside of mathemat-
ics, with the hope that insight from the origins of these PDE can give clues as
to their solutions.

Following is a list of many specific partial differential equations of interest
in current research. This listing is intended merely to familiarize the reader
with the names and forms of various famous PDE. To display most clearly the
mathematical structure of these equations, we have mostly set relevant physical
constants to unity. We will later discuss the origin and interpretation of many
of these PDE.

Throughout x € U, where U is an open subset of R", and ¢t > 0. Also
Du = Dyu = (uy,, ..., Uy, ) denotes the gradient of u with respect to the spatial
variable x = (xy, ..., x,). The variable ¢ always denotes time.

1.2.1. Single partial differential equations.

a. Linear equations.

1. Laplace’s equation

n
Au = Z Uy,x; = 0.
i=1

N

. Helmholtz’s (or eigenvalue) equation
—Au = Au.
3. Linear transport equation
n
u; + Z b'u,, = 0.
i=1

4. Liouville’s equation

n
u; + Z(biu)xi = 0.
i=1

w

. Heat (or diffusion) equation

u; —Au = 0.

(@)

. Schridinger’s equation

iut +Au = 0.
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7. Kolmogorov’s equation

n

n
u; — Z aijuxixj + Z biuxi = 0.

i,j=1 i=1
8. Fokker—Planck equation
n n
ut - Z (alju)Xin - Z(blu)xi = O'
i,j=1 i=1
9. Wave equation
utt - Au == 0.
10. Klein-Gordon equation
Uy — Au+ mu = 0.
11. Telegraph equation
utt + Zdut - uxx = 0.
12. General wave equation
n n
Uy — Z a”uxixj + Z b'u,, = 0.
i,j=1 i=1
13. Airy’s equation
Up + Uy = 0.
14. Beam equation
Upt + Uxyxxx = 0.

b. Nonlinear equations.
1. Eikonal equation
|Du| = 1.
2. Nonlinear Poisson equation
—Au = f(u).
3. p-Laplacian equation
div(|DulP~2Du) = 0.

4. Minimal surface equation

Du
div|] ————= =0
‘V<(1 + |Du|2)1/2)
5. Monge-Ampére equation

det(D*u) = f.
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6. Hamilton-Jacobi equation
u; + H(Du,x) = 0.
7. Scalar conservation law
u; + divF(u) = 0.
8. Inviscid Burgers’ equation
u; +uu, = 0.
9. Scalar reaction-diffusion equation
u; — Au = f(u).
10. Porous medium equation
u;, — A(w’) = 0.
11. Nonlinear wave equation
Uy — Au+ f(u) =0.
12. Korteweg-deVries (KdV) equation
U + Uly + Uy = 0.
13. Nonlinear Schridinger equation
iu, + Au = f(ju]®)u.

1.2.2. Systems of partial differential equations.

a. Linear systems.

1. Equilibrium equations of linear elasticity
uAu + (A + w)D(diva) = 0.
2. Evolution equations of linear elasticity
u;; — uAu — (A + u)D(divu) = 0.
3. Maxwell’s equations

E;, =curl B
B; = —curlE
divB = divE = 0.
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b. Nonlinear systems.
1. System of conservation laws
u; + divF(u) = 0.
2. Reaction-diffusion system
u; — Au = f(u).
3. Euler’s equations for incompressible, inviscid flow
w,+u-Du=-Dp
{divu =0.

4. Navier-Stokes equations for incompressible, viscous flow

w+u-Du—Au=-Dp
diva = 0.

See Zwillinger [Zwi] for a much more extensive listing of interesting PDE.

1.3. STRATEGIES FOR STUDYING PDE

As explained in §[L.1 our goal is the discovery of ways to solve partial differential
equations of various sorts, but—as should now be clear in view of the many
diverse examples set forth in §[[.2—this is no easy task. And indeed the very
question of what it means to “solve” a given PDE can be subtle, depending in
large part on the particular structure of the problem at hand.

1.3.1. Well-posed problems, classical solutions. The informal notion of a
well-posed problem captures many of the desirable features of what it means
to solve a PDE. We say that a given problem for a partial differential equation
is well-posed if

(i) the problem in fact has a solution;
(ii) this solution is unique; and
(iii) the solution depends continuously on the data given in the problem.

The last condition is particularly important for problems arising from phys-
ical applications: we would prefer that our (unique) solution changes only a
little when the conditions specifying the problem change a little. (For many
problems, on the other hand, uniqueness is not to be expected. In these cases
the primary mathematical tasks are to classify and to characterize the solu-
tions.)

Now clearly it would be desirable to “solve” PDE in such a way that (i)-(iii)
hold. But notice that we still have not carefully defined what we mean by a
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“solution”. Should we ask, for example, that a “solution” u must be real ana-
lytic or at least infinitely differentiable? This might be desirable, but perhaps
we are asking too much. Maybe it would be wiser to require a solution of a
PDE of order k to be at least k times continuously differentiable. Then at least
all the derivatives which appear in the statement of the PDE will exist and be
continuous, although maybe certain higher derivatives will not exist. Let us
informally call a solution with this much smoothness a classical solution of the
PDE: this is certainly the most obvious notion of solution.

So by solving a partial differential equation in the classical sense we mean
if possible to write down a formula for a classical solution satisfying (i)-(iii)
above, or at least to show such a solution exists, and to deduce various of its
properties.

1.3.2. Weak solutions and regularity. Butcan we achieve this? The answer
is that certain specific partial differential equations (e.g. Laplace’s equation)
can be solved in the classical sense, but many others, if not most others, cannot.
Consider for instance the scalar conservation law

u; + F(u), = 0.

We will see in §B.4 that this PDE governs various one-dimensional phenomena
involving fluid dynamics, and in particular models the formation and propa-
gation of shock waves. Now a shock wave is a curve of discontinuity of the
solution u; and so if we wish to study conservation laws, and recover the under-
lying physics, we must surely allow for solutions u which are not continuously
differentiable or even continuous. In general, as we shall see, the conservation
law has no classical solutions but is well-posed if we allow for properly defined
generalized or weak solutions.

This is all to say that we may be forced by the structure of the particular
equation to abandon the search for smooth, classical solutions. We must in-
stead, while still hoping to achieve the well-posedness conditions (i)-(iii), in-
vestigate a wider class of candidates for solutions. And in fact, even for those
PDE which turn out to be classically solvable, it is often most expedient initially
to search for some appropriate kind of weak solution.

The point is this: if from the outset we demand that our solutions be very
regular, say k-times continuously differentiable, then we are usually going to
have a really hard time finding them, as our proofs must then necessarily in-
clude possibly intricate demonstrations that the functions we are building are
in fact smooth enough. A far more reasonable strategy is to consider as separate
the existence and the smoothness (or regularity) problems. The idea is to define
for a given PDE a reasonably wide notion of a weak solution, with the expecta-
tion that since we are not asking too much by way of smoothness of this weak
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solution, it may be easier to establish its existence, uniqueness, and continuous
dependence on the given data. Thus, to repeat, it is often wise to aim at proving
well-posedness in some appropriate class of weak or generalized solutions.

Now, as noted above, for various partial differential equations this is the
best that can be done. For other equations we can hope that our weak solution
may turn out after all to be smooth enough to qualify as a classical solution.
This leads to the question of regularity of weak solutions. As we will see, it is
often the case that the existence of weak solutions depends upon rather simple
estimates plus ideas of functional analysis, whereas the regularity of the weak
solutions, when true, usually rests upon many intricate calculus estimates.

Let me explicitly note here that once we are past Part [| (Chapters B-4), our
efforts will be largely devoted to proving mathematically the existence of so-
lutions to various sorts of partial differential equations, and not so much to
deriving formulas for these solutions. This may seem wasted or misguided ef-
fort, but in fact mathematicians are like theologians: we regard existence as the
prime attribute of what we study. But unlike theologians, we need not always
rely upon faith alone.

1.3.3. Typical difficulties. Following are some vague but general principles,
which may be useful to keep in mind:

(i) Nonlinear equations are more difficult than linear equations; and,
indeed, the more the nonlinearity affects the higher derivatives, the
more difficult the PDE is.

(ii) Higher-order PDE are more difficult than lower-order PDE.
(iii) Systems are harder than single equations.

(iv) Partial differential equations entailing many independent variables
are harder than PDE entailing few independent variables.

(v) For most partial differential equations it is not possible to write out
explicit formulas for solutions.

None of these assertions is without important exceptions.

1.4. OVERVIEW

This textbook is divided into three major Parts.

Part [: Representation Formulas for Solutions. Here we identify those im-
portant partial differential equations for which in certain circumstances ex-
plicit or more-or-less explicit formulas can be had for solutions. The general
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progression of the exposition is from direct formulas for certain linear equa-
tions to far less concrete representation formulas, of a sort, for various nonlin-
ear PDE.

Chapter P is a detailed study of four exactly solvable partial differential
equations: the linear transport equation, Laplace’s equation, the heat equa-
tion, and the wave equation. These PDE, which serve as archetypes for the
more complicated equations introduced later, admit directly computable solu-
tions, at least in the case that there is no domain whose boundary geometry
complicates matters. The explicit formulas are augmented by various indirect,
but easy and attractive, “energy”’-type arguments, which serve as motivation
for the developments in Chapters [, [] and thereafter.

Chapter B continues the theme of searching for explicit formulas, now for
general first-order nonlinear PDE. The key insight is that such PDE can, lo-
cally at least, be transformed into systems of ordinary differential equations
(ODE), the characteristic equations. We stipulate that once the problem be-
comes “only” the question of integrating a system of ODE, it is in principle
solved, sometimes quite explicitly. The derivation of the characteristic equa-
tions given in the text is very simple and does not require any geometric in-
sights. It is in truth so easy to derive the characteristic equations that no real
purpose is had by dealing with the quasilinear case first.

We introduce also the Hopf-Lax formula for Hamilton-Jacobi equations
(§B.3) and the Lax-Oleinik formula for scalar conservation laws (§B.4). (Some
knowledge of measure theory is useful here but is not essential.) These sec-
tions provide an early acquaintance with the global theory of these important
nonlinear PDE and so motivate the later Chapters [[( and [L1].

Chapter @ is a grab bag of techniques for explicitly (or kind of explic-
itly) solving various linear and nonlinear partial differential equations, and
the reader should study only whatever seems interesting. The section on the
Fourier transform is, however, essential. The Cauchy-Kovalevskaya Theorem
appears at the very end. Although this is basically the only general existence
theorem in the subject, and thus logically should perhaps be regarded as cen-
tral, in practice these power series methods are not so prevalent.

Part [I: Theory for Linear Partial Differential Equations. Next we aban-
don the search for explicit formulas and instead rely on functional analysis and
relatively easy “energy” estimates to prove the existence of weak solutions to
various linear PDE. We investigate also the uniqueness and regularity of such
solutions and deduce various other properties.

Chapter [ is an introduction to Sobolev spaces, the proper setting for the
study of many linear and nonlinear partial differential equations via energy
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methods. This is a hard chapter, the real worth of which is only later revealed,
and requires some basic knowledge of Lebesgue measure theory. However,
the requirements are not really so great, and the review in Appendix [H should
suffice. In my opinion there is no particular advantage in considering only the
Sobolev spaces with exponent p = 2, and indeed insisting upon this obscures
the two central inequalities, those of Gagliardo-Nirenberg-Sobolev (§5.6.1)
and of Morrey (§p.6.2).

In Chapter f we vastly generalize our knowledge of Laplace’s equation to
other second-order elliptic equations. Here we work through a rather complete
treatment of existence, uniqueness and regularity theory for solutions, includ-
ing the maximum principle, and also a reasonable introduction to the study of
eigenvalues, including a discussion of the principal eigenvalue for nonselfad-
joint operators.

Chapter [] expands the energy methods to a variety of linear partial dif-
ferential equations characterizing evolutions in time. We broaden our earlier
investigation of the heat equation to general second-order parabolic PDE and
of the wave equation to general second-order hyperbolic PDE. We study as well
linear first-order hyperbolic systems, with the aim of motivating the develop-
ments concerning nonlinear systems of conservation laws in Chapter L. The
concluding Section [7.4 presents the alternative functional analytic method of
semigroups for building solutions.

(Missing from this long Part [ on linear partial differential equations is
any discussion of distribution theory or potential theory. These are important
topics, but for our purposes seem dispensable, even in a book of such length.
These omissions do not slow us up much and make room for more nonlinear
theory.)

Part [TI: Theory for Nonlinear Partial Differential Equations. This sec-
tion parallels for nonlinear PDE the development in Part [[] but is far less uni-
fied in its approach, as the various types of nonlinearity must be treated in quite
different ways.

Chapter § commences the general study of nonlinear partial differential
equations with an extensive discussion of the calculus of variations. Here we
set forth a careful derivation of the direct method for deducing the existence
of minimizers and discuss also a variety of variational systems and constrained
problems, as well as minimax methods. Variational theory is the most useful
and accessible of the methods for nonlinear PDE, and so this chapter is funda-
mental.
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Chapter [ is, rather like Chapter [ earlier, a gathering of assorted other
techniques of use for nonlinear elliptic and parabolic partial differential equa-
tions. We encounter here monotonicity and fixed point methods and a variety
of other devices, mostly involving the maximum principle. We study as well
certain nice aspects of nonlinear semigroup theory, to complement the linear
semigroup theory from Chapter [].

Chapter [[( is an introduction to the modern theory of Hamilton-Jacobi
PDE and in particular to the notion of “viscosity solutions”. We encounter also
the connections with the optimal control of ODE, through dynamic program-
ming.

Chapter [T picks up from Chapter B the discussion of conservation laws,
now systems of conservation laws. Unlike the general theoretical develop-
ments in Chapters B-f, for which Sobolev spaces provide the proper abstract
framework, we are forced to employ here direct linear algebra and calculus
computations. We pay particular attention to the solution of Riemann’s prob-
lem and to entropy criteria.

Chapter [[2, an introduction to nonlinear wave equations, is new with this
edition. We provide long time and short time existence theorems for certain
quasilinear wave equations and an in-depth examination of semilinear wave
equations, especially for subcritical and critical power nonlinearities in three
space dimensions. To complement these existence theorems, the final section
identifies various criteria ensuring nonexistence of solutions.

Appendices [Al-E provide for the reader’s convenience some background
material, with selected proofs, on inequalities, linear functional analysis, mea-
sure theory, etc.

The Bibliography is an updated and extensive listing of interesting PDE
books to consult for further information. Since this is a textbook and not a
reference monograph, I have mostly not attempted to track down and docu-
ment the original sources for the myriads of ideas and methods we will en-
counter. The mathematical literature for partial differential equations is truly
vast, but the books cited in the Bibliography should at least provide a starting
point for locating the primary sources. (Citations to selected research papers
appear throughout the text.)

1.5. PROBLEMS

1. Classify each of the partial differential equations in §[.7 as follows:
(a) Isthe PDE linear, semilinear, quasilinear or fully nonlinear?
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1. Introduction

2.

(b) What is the order of the PDE?

Let k be a positive integer. Show that a smooth function defined on R" has

in general
n+k-1\ (n+k-1
k “\ n-1

distinct partial derivatives of order k.

(Hint: This is the number of ways of inserting n — 1 dividers | within a
row of k symbols o: for example, oo |[[ooo|o|ooo| oo oo|. Explain why
each such pattern corresponds to precisely one of the partial derivatives of
order k.)

The next exercises provide some practice with the multiindex notation in-

troduced in Appendix [Al.

3.

Prove the Multinomial Theorem:

(4. +x)k = > ('i')x“,

laj=k

where (1)) := A = aylay!...q,l, and x¥ = x{"...x5". The sum is
a al
taken over all multiindices a = (a4, ..., a,) with |a| = k.
Prove Leibniz’s formula:
D%(uv) = Z (a>D5uD“"Bv,
B<a g
where u, v : R" - R are smooth, (g) =
(i=1,...,n).
Assume that f : R" — R is smooth. Prove

6!(0‘25)!’ and 6 < ameans ﬁ’i < q;

=3 %D“ FOXE + O(|x[+)  asx — 0

lee|<k 7

foreach k =1, 2, .... This is Taylor’s formula in multiindex notation.
(Hint: Fix x € R" and consider the function of one variable g(t) :=

f(ex).)

1.6. REFERENCES

Klainerman’s article [Kl] is a nice modern overview of the field of partial dif-
ferential equations.

Good general texts and monographs on PDE include Arnold [Ar2],

Courant-Hilbert [C-H], Craig [Cxr], DiBenedetto [DB1], Folland [F1], Fried-
man [Fr2], Garabedian [G], John [J2], Jost [Jd], Levy-Shearer [L-S] McOwen
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[MQ|], Mikhailov [M], Olver [02] Petrovsky [Py], Rauch [R1], Renardy-Rogers
[R-R], Showalter [Sh]], Smirnov [Sm], Smoller [S], Strauss [St2], Taylor [Ta],
Thoe-Zachmanoglou [T-Z], Vasy [Vy], Zauderer [Za], and many others. The
prefaces to Arnold [[Ar2] and to Bernstein [Bt] are particularly interesting read-
ing. Zwillinger’s handbook [Zwi] on differential equations is a useful com-
pendium of methods for PDE.
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Formulas for Solutions






Chapter 2

Four Important Linear
Partial Differential
Equations

In this chapter we introduce four fundamental linear partial differential equa-
tions for which various explicit formulas for solutions are available. These are

the transport equation u; +b-Du =0 (§2.1),

Laplace’s equation Au=0 (§22),
the heat equation u,—Au=0 (§2.3),
the wave equation u;—Au=0 (§g4).

Before going further, the reader should review the discussions of inequali-
ties, integration by parts, Green’s formulas, convolutions, etc., in Appendices B
and [d and later refer back to these as necessary.

2.1. TRANSPORT EQUATION

One of the simplest partial differential equations is the transport equation with
constant coefficients. This is the PDE
(1) u;+b-Du=0 inR" x (0, c0),

where b is a fixed vector in R"?, b = (by,...,b,),and u : R" X [0,00) — R is
the unknown, u = u(x, t). Here x = (xy,...,x,) € R" denotes a typical point
in space, and ¢ > 0 denotes a typical time. We write Du = Dyu = (uUy, ..., Uy, )
for the gradient of u with respect to the spatial variables x.

17
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Which functions u solve ([l)? To answer, let us suppose for the moment
we are given some smooth solution u and try to compute it. To do so, we first
must recognize that the partial differential equation ([ll) asserts that a particular
directional derivative of u vanishes. We exploit this insight by fixing any point
(x,t) € R" x (0, 00) and defining

z(s):=u(x +sb,t +5) (s€R).
We then calculate

z(s) = Du(x + sb,t +s)- b+ u,(x + sb,t +s)=0 ( = %)
the second equality holding owing to ([ll). Thus z(-) is a constant function of s,
and consequently for each point (x, t), u is constant on the line through (x, t)
with the direction (b, 1) € R"*!. Hence if we know the value of u at any point
on each such line, we know its value everywhere in R" X (0, c0).

2.1.1. Initial-value problem. For definiteness therefore, let us consider the

initial-value problem
u;+b-Du=0 inR" x (0,

- { t (0, 00)

u=g on R" x {t = 0}.

Here b € R" and g : R" — R are known, and the problem is to compute u.
Given (x, t) as above, the line through (x, t) with direction (b, 1) is represented
parametrically by (x + sb, t + s) (s € R). This line hits the plane I := R" x {t =
0} when s = —t, at the point (x — tb,0). Since u is constant on the line and
u(x — tb,0) = g(x — tb), we deduce

3) u(x,t) =g(x—tb) (xeR™ ¢t >0).

So, if (P)) has a sufficiently regular solution u, it must certainly be given by (B).
And conversely, it is easy to check directly that if g is C!, then u defined by (B)
is indeed a solution of (J).

Weak solutions. If g is not C?, then there is obviously no C! solution of (2).
But even in this case formula (B) certainly provides a strong, and in fact the only
reasonable, candidate for a solution. We may thus informally declare u(x, t) =
g(x —tb) (x € R", t > 0) to be a weak solution of (), even should g not be C*.
This all makes sense even if g and thus u are discontinuous. Such a notion, that
a nonsmooth or even discontinuous function may sometimes solve a PDE, will
come up again later when we study nonlinear transport phenomena in §B.4.
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2.1.2. Nonhomogeneous problem. Next let us look at the associated non-

homogeneous problem
us+b-Du=f inR"x(0,00)
4 _ N (f —
u=g onR"x{t=0}

Fix as before (x,t) € R" x (0, o) and, inspired by the calculation above, set
z(s) == u(x + sb,t + s) for s € R. Then

2(s) = Du(x + sb,t +8) - b+ u,(x + sb,t + s) = f(x + sb,t + s).

Consequently
0
u(x,t) — g(x —th) = z(0) — z(—t) = / z(s)ds
o —t
:f f(x+sb,t+s)ds
—t
t
- f FG+ (5= Db,s)ds,
0
and so

t
(5) u(x,t) = g(x —tb) +/ f(x+(s—1t)b,s)ds (x€R" t>0)
0

solves the initial-value problem ().
We will later employ this formula to solve the one-dimensional wave equa-

tion, in §.4.1.

Remark. Observe that we have derived our solutions (B), (B) by in effect con-
verting the partial differential equations into ordinary differential equations.
This procedure is a special case of the method of characteristics, developed later

in §B.2.

2.2. LAPLACE’S EQUATION

Among the most important of all partial differential equations are undoubtedly
Laplace’s equation

1) Au=0
and Poisson’s equationtl

(2) —Au = f.

*1 prefer to write (f) with the minus sign, to be consistent with the notation for general second-order
elliptic operators in Chapter f.
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In both () and (B), x € U and the unknownisu : U - R, u = u(x),
where U C R" is a given open set. In (P)) the function f : U — R is also given.
Remember from §[A.3 that the Laplacian of u is

n
Au = Z Uy, x;-
i=1
DEFINITION. A C? function u satisfying () is called a harmonic function.

Physical interpretation. Laplace’s equation comes up in a wide variety of
physical contexts. In a typical interpretation u denotes the density of some
quantity (e.g. a chemical concentration) in equilibrium. Then if V is any
smooth subregion within U, the net flux of u through 0V is zero:

f F-»dS =0,
oV

F denoting the flux density and » the unit outer normal field. In view of the
Gauss-Green Theorem (§[C.2), we have

/diVFdxzf F-»dS =0,
14 oV
and so

3) divF=0 inU,
since V was arbitrary. In many instances it is physically reasonable to assume
the flux F is proportional to the gradient Du but points in the opposite direction
(since the flow is from regions of higher to lower concentration). Thus
@) F=—-aDu (a>0).
Substituting into (§), we obtain Laplace’s equation
div(Du) = Au = 0.
If u denotes the
chemical concentration
temperature
electrostatic potential,
equation () is
Fick’s law of diffusion
Fourier’s law of heat conduction
Ohm’s law of electrical conduction.

See Feynman-Leighton-Sands [F-L-S, Chapter 12] for a discussion of the ubig-
uity of Laplace’s equation in mathematical physics. Laplace’s equation arises
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as well in the study of analytic functions and the probabilistic investigation of
Brownian motion.

2.2.1. Fundamental solution.

a. Derivation of fundamental solution. One good strategy for investigat-
ing any partial differential equation is first to identify some explicit solutions
and then, provided the PDE is linear, to assemble more complicated solutions
out of the specific ones previously noted. Furthermore, in looking for explicit
solutions, it is often wise to restrict attention to classes of functions with cer-
tain symmetry properties. Since Laplace’s equation is invariant under rotations
(Problem ), it consequently seems advisable to search first for radial solutions,
that is, functions of r = |x]|.

Let us therefore attempt to find a solution u of Laplace’s equation () in
U = R", having the form
u(x) = v(r),
where r = |x| = (X3 + -+ + x2)¥2 and v is to be selected (if possible) so that
Au = 0 holds. First note fori =1, ..., n that

or 1 -1/2 X;
a_Xizi(x%+---+xﬁ) 2xl~:7l (x #0).
‘We thus have
2 2
o Xi o Xj ' 1 Xj
Uy, =0 (r)T, Uy,x, = U (r)ﬁ + ' (r) (; - r_3)
fori=1,...,n,and so
-1
Au="0"(r) + n p v'(r).
Hence Au = 0 if and only if
-1
(5) v+ v =0,
If v’ # 0, we deduce
v 1-—n

log(v']) = 2 = =%,

a
-1

and hence v'(r) = for some constant a. Consequently if r > 0, we have

blogr+c (n=2)
o) =1, "
+c (n>3),

yn-2

where b and c are constants.
These considerations motivate the following
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DEFINITION. The function

1
[~xloglxl  (n=2)
(6) D(x) = 1 1 (n>3),

n(n—-2)a(n) |x|n-2

defined for x € R", x # 0, is the fundamental solution of Laplace’s equation.

The reason for the particular choices of the constants in () will be apparent
in a moment. (Recall from §/A.2 that a(n) denotes the volume of the unit ball
in R".)

We will sometimes slightly abuse notation and write ®(x) = ®(|x|) to em-
phasize that the fundamental solution is radial. Observe also that we have the
estimates

™ DD(0)| < MLI ID*®()| < = (x #0)

=[x
for some constant C > 0.

b. Poisson’s equation. By construction the function x — ®(x) is harmonic
for x # 0. If we shift the origin to a new point y, the PDE ([ll) is unchanged; and
s0 x — ®(x — y) is also harmonic as a function of x, x # y. Let us now take
f : R" - R and note that the mapping x = ®(x — y)f(y) (x # y) is harmonic
for each point y € R", and thus so is the sum of finitely many such expressions
built for different points y.

This reasoning might suggest that the convolution

u(x) = f O(x — ) () dy
Rn

® ) {—% S log(x —yDf ) dy (n=2)
n(n—;)oz(n) fR" |xj_c§3|)r)z—2 dy (l’l > 3)

will solve Laplace’s equation ([ll). However, this is wrong. Indeed, as intimated
by estimate ([f), D?®(x — y) is not summable near the singularity at y = x, and
so naive differentiation through the integral sign is unjustified (and incorrect).
We must proceed more carefully in calculating Au.

Let us for simplicity now assume f € C2(R™); that is, f is twice continu-
ously differentiable, with compact support.
THEOREM 1 (Solving Poisson’s equation). Define u by (§). Then
(i) u € C3(R"), and
(i) —Au = fin R™
We consequently see that (§) provides us with a formula for a solution of
Poisson’s equation (P) in R".
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Proof.
1. We have
©) ux) = [ aGe-fe)dy = [ oG-y
Rn Rn
hence

u(x + he;) —u(x) _ f o(y) [f(x +he—y)—fx-y) dy,
h n h
where h # 0 and ¢; = (0,...,1,...,0), the 1 in the ith_glot. But

Surhe =N IC=D) )

uniformly on R" as h — 0, and thus

() = [ S (x =)y (=L
Rn

Similarly
(10) uxixj(x) = f (I)(y)ﬁcixj(x —-y)dy ((i,j=1,...,n).
Rn

As the expression on the right-hand side of ([Ll0) is continuous in the variable
x, we see u € C2(R").

2. Since ® blows up at 0, we will need for subsequent calculations to isolate
this singularity inside a small ball. So fix e > 0. Then

_ fx—y)d S —y)d
Ve fB S+ f P)AS(x — ) dy

n—B(0,g)
=1 +J.
Now
Ce?|loge] (n=2)
(12) I| < CIID?f | oo(mn f |P(y)|dy < {
€ ) Js0e Ce? (n>3).

An integration by parts (see §C.2) yields

L= f S)A, fx — ) dy
Rn—B(0,¢)

=— D®(y) - D, f(x —y)d
13) /.; 500 () - Dyf(x—y)dy

[ emLer-pdso)
8B(0,¢)

=K. +L,
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v denoting the inward pointing unit normal along dB(0, ¢). We readily check

Celloge] (n=2)

14) Lol < IDf Il f e (n>3)

8B(0,¢)

|2V dS(y) < {

3. We continue by integrating by parts once again in the term K., to dis-
cover

K= [ a00)f-ndy- [ S2fer- ) dso)
R"—B(0,€) 8B(0,¢)

oD
= - — —)dS(),
fa s0s 3 W f(x—=y)ds(y)

since ® is harmonic away from the origin. Now D®(y) = #(1}1)% (y #0) and

"
_ 3
v = ﬁ = —Z on 8B(0,¢). Consequently %(y) =v-Dd(y) = W on
9B(0, ¢). Since na(n)e"~! is the surface area of the sphere dB(0, ), we have
Koo | fGx=3)dS0)
¢ na(n)e"=! Jopo o

(15)
=—][ fO)dS(y) - —f(x) ase—0.
8B(x,¢)

(Remember from §/A.3 that a slash through an integral sign denotes an average.)

4. Combining now (LT)-(13) and letting ¢ — 0, we find —Au(x) = f(x), as
asserted. O

Theorem [Ilis in fact valid under far less stringent smoothness requirements
for f: see Gilbarg-Trudinger [G-T]].
Interpretation of fundamental solution. We sometimes write

—A® =6, inR",

d, denoting the Dirac measure on R" giving unit mass to the point 0. Adopting
this notation, we may formally compute

Au(x) = f ~0,9(x — ) () dy
Rl’l

= f S f)dy = f(x) (x €R"),
Rn

in accordance with Theorem [I.
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2.2.2. Mean-value formulas. Consider now an open set U C R" and sup-
pose u is a harmonic function within U. We next derive the important mean-
value formulas, which declare that u(x) equals both the average of u over
the sphere 0B(x,r) and the average of u over the entire ball B(x,r), provided
B(x,r) Cc U. These implicit formulas involving u generate a remarkable num-
ber of consequences, as we will momentarily see.

THEOREM 2 (Mean-value formulas for Laplace’s equation). Ifu € C%(U) is
harmonic, then

(16) u(x) = ][ udS = ][ udy
dB(x,r) B(x,r)

foreach ball B(x,r) C U.

Proof.
1. Set
d(r) = ][ u(y)ds(y) = ][ u(x + rz)dS(z).
8B(x,r) 8B(0,1)
Then

P'(r) = ][ Du(x + rz) - zdS(z),
3B(0,1)

and consequently, using Green’s formulas from §[C.2, we compute

0= f  puey- 2T aso)
0B(x,r)

- Saso)
8B(x,r) v
-

=— ][ Au(y)dy = 0.
n B(x,r)

Hence ¢ is constant, and so

¢(r) = %in(} $(t) = png u(y)ds(y) = u(x).
- Y JaB(x,t)

2. Observe next that our employing polar coordinates, as in §C.3, gives

,
f udy=/ (f udS)ds
B(x,r) 0 8B(x,s)

= u(x) f na(n)s"~tds = a(n)r*u(x). O
0
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THEOREM 3 (Converse to mean-value property). Ifu € C3(U) satisfies

u(x) = ][ udS
8B(x,r)

foreach ball B(x,r) C U, then u is harmonic.

Proof. If Au # 0, there exists some ball B(x,r) C U such that, say, Au > 0
within B(x, r). But then for ¢ as above,

0=¢'(r) =1L Au(y)dy > 0,
h B(x,r)

a contradiction. O

2.2.3. Properties of harmonic functions. We now present a sequence of
interesting deductions about harmonic functions, all based upon the mean-
value formulas. Assume for the following that U C R" is open and bounded.
a. Strong maximum principle, uniqueness. We begin with the assertion
that a harmonic function must attain its maximum on the boundary and cannot
attain its maximum in the interior of a connected region unless it is constant.

THEOREM 4 (Strong maximum principle). Suppose u € C*(U) n C(U) is
harmonic within U.
(i) Then
max u = max u.
U 18)

(ii) Furthermore, if U is connected and there exists a point x, € U such that

u(xy) = maxu,
U

then
u is constant within U.

Assertion (i) is the maximum principle for Laplace’s equation and (ii) is the
strong maximum principle. Replacing u by —u, we recover also similar asser-
tions with “min” replacing “max”.

Proof. Suppose there exists a point x, € U with u(x,y) = M := maxy u. Then
for 0 < r < dist(xy, dU), the mean-value property asserts

M:u(xo):][ udy <M.
B

(JCO,I")
As equality holds only if u = M within B(x,,r), we see u(y) = M forall y €
B(xy,r). Hence the set { x € U | u(x) = M } is both open and relatively closed
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in U and thus equals U if U is connected. This proves assertion (ii), from which
(i) follows. O

Positivity. The strong maximum principle asserts in particular that if U is
connected and u € C?(U) n C(U) satisfies

Au=0 inU
u=g ondl,

where g > 0, then u is positive everywhere in U if g is positive somewhere on dU.

An important application of the maximum principle is establishing the
uniqueness of solutions to certain boundary-value problems for Poisson’s equa-
tion.

THEOREM 5 (Uniqueness). Let g € C(AU), f € C(U). Then there exists at
most one solution u € C*(U) n C(U) of the boundary-value problem

) {—Au =f inU

u=g ondU.

Proof. Ifuand i both satisfy (L7), apply Theorem [ to the harmonic functions
w:= +(u — ). O

b. Regularity. Next we prove that if u € C? is harmonic, then necessarily
u € C®. Thus harmonic functions are automatically infinitely differentiable.
This sort of assertion is called a regularity theorem. The interesting point is
that the algebraic structure of Laplace’s equation Au = Z?:l Uy,x, = 0 leads
to the analytic deduction that all the partial derivatives of u exist, even those
which do not appear in the PDE.

THEOREM 6 (Smoothness). Ifu € C(U) satisfies the mean-value property ([L6)
foreach ball B(x,r) C U, then

u e Ce(U).

Note carefully that u may not be smooth, or even continuous, up to dU.

Proof. Let 7 be a standard mollifier, as described in §[C.3, and recall thatn isa
radial function. Set u® := ., *uin U; = {x € U | dist(x,0U) > ¢}. As shown
in §C.3, uf € C*(Ly).
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We will prove u is smooth by demonstrating that in fact u = u® on U.
Indeed if x € U, then

uf(x) = f ne(x — y)u(y) dy
U
1

xX—Y
p n (%) u(y)dy
B(x,g)

1 (° r
_1 r ds|d
en 0 7 <€) (»/;B(x,r) ! ) '
= Einu(x)'/o‘ 7 (g) na(n)r*~'dr by (I6)

1) [ edy = (o),
B(0,¢)
Thus u* = uin U, and so u € C*(U;) for each ¢ > 0. 0

c. Local estimates for harmonic functions. Now we employ the mean-
value formulas to derive careful estimates on the various partial derivatives of
a harmonic function. The precise structure of these estimates will be needed
below, when we prove analyticity.

THEOREM 7 (Estimates on derivatives). Assume u is harmonic in U. Then

Ck
(18) |Dau(x0)| < rn_,_k”u”Ll(B(xo,r))

foreach ball B(x,,r) C U and each multiindex a of order || = k.
Here
1 B (2n+1nk)k

(19) C=m T am

k=1,...).

Proof.

1. We establish (1), (19) by induction on k, the case k = 0 being immediate
from the mean-value formula (6). For k = 1, we note upon differentiating

Laplace’s equation that u,, (i = 1,...,n) is harmonic. Consequently
Gl = 1w
B(x,r/2)
2n
(20) = |—nf uv; ds|
A Jspxo.r/2)

2n
< e @Bx,£)-
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Now if x € dB(xy,r/2), then B(x,r/2) C B(x,,r) C U, and so

n

1 2
lu(x)| < oc(n)( ) lull LB xo,ry)

by (18), (19) for k = 0. Combining the inequalities above, we deduce
2n+1

[D%u(xy)| < W”"HH L2 (B(xor)

if || = 1. This verifies (L§), (19) for k = 1.

2. Assume now k > 2 and (I§), (19) are valid for all balls in U and each
multiindex of order less than or equal to k — 1. Fix B(xy,¥) C U and let
be a multiindex with |a| = k. Then D% = (Dﬁu)xi for some i € {1,...,n},
|B] = k — 1. By calculations similar to those in (20), we establish that

nk
|D*u(xo)| < _”Dﬁu”Lw(aB(xo,%))-
Ifx e 6B(x0, -), then B(x r) C B(xg,r) C U. Thus (1§), (19) for k—1 imply
(2n+1n(k _ 1))k—1

|DAu(x)| < ek el L2 (B xo,r)-
a(m) (S

Combining the two previous estimates yields the bound

( n+1nk)k
(e Ul L (B

This confirms (I§), (19) for |«| = k. O

(21) ID%u(x)| < ————-

d. Liouville’s Theorem. We assert now that there are no nontrivial bounded
harmonic functions on all of R”.

THEOREM 8 (Liouville’s Theorem). Suppose u : R" — R is harmonic and
bounded. Then u is constant.

Proof. Fix x, € R", r > 0, and apply Theorem [] on B(x, r):

\nc,
[Du(xo)l < —Z51 Nl Bxor)

< ﬁCl a(n)
r

as r = oo. Thus Du = 0, and so u is constant. O

Ul Lo (mr) = O,

THEOREM 9 (Representation formula). Let f € C2(R"), n >

> 3. Then any
bounded solution of

—Au=f inR"



30 2. Four Important Linear Partial Differential Equations

has the form
ux)= [ eG-pfGIdy+C (xenn
Rn
for some constant C.

Proof. Since ®(x) — 0as |x| — oo forn > 3, 6(x) = Jfg, P(x — y)f(y)dy is
a bounded solution of —Au = f in R". If u is another solution, w := u — i is
constant, according to Liouville’s Theorem. O

Remark. If n = 2, &(x) = —% log |x| is unbounded as |x| — oo and so may
be fro @(x = y)f(¥) dy.

e. Analyticity. We refine Theorem f:

THEOREM 10 (Analyticity). Assume u is harmonic in U. Then u is analytic in
U.

Proof.

1. Fix any point x, € U. We must show u can be represented by a conver-
gent power series in some neighborhood of x,.
1 5. 1
Letr := 7 dist(xg,0U). Then M := W”“”U(B(xo,zr)) < 0.

2. Since B(x,r) C B(xgy,2r) C U for each x € B(x,, r), Theorem [] provides
the bound

2n+1n |l
Dl < (F5)
k

Now k

T < e for all positive integers k, and hence

o1 < el
for all multiindices a. Furthermore, the Multinomial Theorem (§[I.5) implies
ke (g gk 3 Lol
n“=Q0Q+--+1<= Z o
lx|=k
whence
la|! < nl¥lal .

Combining the previous inequalities yields the estimate

|ex]
2n+1n26>
al.

(22) ID%ul| Lo (B(xo,r)) < M(
3. The Taylor series for u at x; is

Z W('x - xO)a’
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the sum taken over all multiindices. We assert this power series converges,
provided

r

(23) |x - x0| < 2”"'—2n3e

To verify this, let us compute for each N the remainder term:

N-1 o .
Rn(X) = u(x) — Z Z D u(XO)O(;C Xo)
k=0 |a|=k !
D*u(xo + t(x = x0))(x = Xo)"

aI=N al
for some 0 < t < 1, t depending on x. We establish this formula by writing out
the first N terms and the error in the Taylor expansion about 0 for the function
of one variable g(t) := u(xq + t(x — xp)), at t = 1. Employing (2), (23), we can
estimate

N

2n+1n2e r N

IRy ()] < MI IZJN( - ) (2n+2n3e)
x|l=

< Mn sz—Nﬁo as N — oo. |

See §f#.6.2 for more on analytic functions and partial differential equations.

f. Harnack’s inequality. Recall from §/A.7 that we write V' CC U to mean
V c V c U and V is compact.

THEOREM 11 (Harnack’s inequality). For each connected open set V CC U,
there exists a positive constant C, depending only on V, such that

supu < Cinfu
1% 14

for all nonnegative harmonic functions u in U.

Thus in particular
1
cHO) < u(x) < Culy)

for all points x, y € V. These inequalities assert that the values of a nonnegative
harmonic function within V are all comparable: u cannot be very small (or very
large) at any point of V unless u is very small (or very large) everywhere in V.
The intuitive idea is that since V is a positive distance away from dU, there is
“room for the averaging effects of Laplace’s equation to occur”.
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Proof. Letr := %dist(V, dU). Choose x,y € V, |x —y| <r. Then

1
u(x)=][ udzz—f udz
B(x,2r) o((n)Z”r" B(y,r)

1 1
— udz = z—nu(y).

2" B(y.r)
Thus 2"u(y) > u(x) > Zinu(y) ifx,yeV,|x—y|/ <r.
Since V is connected and V is compact, we can cover V by a chain of finitely
many balls {B;}}\,, each of which has radius  and B;nB;_; # #fori =2,...,N.

Then
1

u(x) > mu@)

forallx,y e V. O

2.2.4. Green’s function. Assume now U C R" is open, bounded, and dU is
Cl. We propose next to obtain a general representation formula for the solution
of Poisson’s equation

—Au=f inU,

subject to the prescribed boundary condition

u=g ondl.

a. Derivation of Green’s function. Suppose u € C%(U) is an arbitrary func-
tion. Fix x € U, choose ¢ > 0 so small that B(x,e) C U, and apply Green’s
formula from §C.2 on the region V, := U — B(x, ¢) to u(y) and ®(y — x). We
thereby compute

| w0880 -0 - 20 - 0su6)dy
(24) - od ou
= [ w050 -0-00-050ds0),

12

v denoting the outer unit normal vector on dV;. Recall next A®(x — y) = 0 for
X # y. We observe also

ou
®(y — x)=—()dS(y)| < Ce*! max |®| = o(1
oy 20~ V5450 Jnax [0] = o(1)
as € — 0. Furthermore the calculations in the proof of Theorem [I| show

[ w)5o-0dse)=f  u6)dse) — uco
8B(x,e)

OB(x,¢)



2.2. Laplace’s Equation 33

as ¢ —» 0. Hence our sending € — 0 in (4) yields the formula

u) = [ 0= 0500~ u 500 - ds0)

25) oU

— / d(y — x)Au(y) dy.
U

This identity is valid for any point x € U and any function u € C?(U).

Now formula (25) would permit us to solve for u(x) if we knew the values of
Auwithin U and the values of u, ou/dv along dU. However, for our application
to Poisson’s equation with prescribed boundary values for u, the normal deriv-
ative du/dv along dU is unknown to us. We must therefore somehow modify
(B3) to remove this term.

The idea is now to introduce for fixed x a corrector function ¢* = ¢*(y),
solving the boundary-value problem
Ag™ = in U
(26)
$*=Pd(y —x) ondU.
Let us apply Green’s formula once more, to compute

- f ¢*Mdu(y)dy = f u(y)%x(y) - ¢x(y)g—;t(y) dS(y)
27) U U e 5
= [ w0F0)-00-0Fmds0)

‘We introduce next this
DEFINITION. Green’s function for the region U is
G(x,y) =0(y—x)—¢*(y) (x,y €U, x#Y).

Adopting this terminology and adding (27) to (23), we find
@9 w0 == [ unGondsm)- [ cenmutdy e v)
U U

where
oG
5, (69 = DyGlx, y) - v(y)
is the outer normal derivative of G with respect to the variable y. Observe that

the term du/dv does not appear in equation (R§): we introduced the corrector
¢* precisely to achieve this.

Suppose now u € C?(U) solves the boundary-value problem
—Au=f inU

29
(29 u=g ondU,
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for given continuous functions f, g. Plugging into (2§), we obtain

THEOREM 12 (Representation formula using Green’s function). Ifu € C?(U)
solves problem (R9), then

G0 u)=- [ 50+ [ f06ENdy eV
oU U

Here we have a formula for the solution of the boundary-value problem
(B9), provided we can construct Green’s function G for the given domain U.
This is in general a difficult matter and can be done only when U has simple
geometry. Subsequent subsections identify some special cases for which an
explicit calculation of G is possible.

Interpreting Green’s function. Fix x € U. Then regarding G as a function
of y, we may symbolically write

—AG =96, inU
{ G=0 onadl,
d, denoting the Dirac measure giving unit mass to the point x.
Before moving on to specific examples, let us record the general assertion

that G is symmetric in the variables x and y:

THEOREM 13 (Symmetry of Green’s function). Forall x,y € U, x # y, we
have

G(ya X) = G(X, }’)
Proof. Fixx,y € U, x # y. Write
v(z) == G(x, 2), w(z) :==G(y,z) (ze€U).

Then Av(z) = 0(z # x), Aw(z) = 0(z # y)and w = v = 0 on dU. Thus our
applying Green’s identity on V := U — [B(x, €) U B(y, €)] for sufficiently small
€ > Oyields

(31) f = ¥ ds(z) = / W, L ds(a)
8B(x,¢) ov ov 0B(y,e) %Y v

v denoting the inward pointing unit vector field on 0B(x, €) U 0B(y, €). Now w
is smooth near x, whence

Jw

| Y dS| < Ce™ ! sup |v|=0(1) ase— 0.
aB(x,e) %Y 3B(x,e)
On the other hand, v(z) = ®(z — x) — $*(z), where ¢* is smooth in U. Thus
lim % ds = lim 9% (x — Zyw(z)dS = w(x),

ov

€20 JaB(x,¢) 8B (x,€)
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by calculations as in the proof of Theorem [I. Thus the left-hand side of (B1)
converges to w(x) as ¢ — 0. Likewise the right-hand side converges to v(y).
Consequently

Gy, x) = wx) = v(y) = G(x, y). O

b. Green’s function for a half-space. In this and the next subsection we
will build Green’s functions for two regions with simple geometry, namely the
half-space R} and the unit ball B(0, 1). Everything depends upon our explicitly
solving the corrector problem (26) in these regions, and this in turn depends
upon some clever geometric reflection tricks.

First let us consider the half-space
R? ={x = (x1,...,x,) ER" | x,, > 0}.

Although this region is unbounded, and so the calculations in the previous sec-
tion do not directly apply, we will attempt nevertheless to build Green’s func-
tion using the ideas developed earlier. Later of course we must check directly
that the corresponding representation formula is valid.

DEFINITION. If x = (xq,...,X,_1,X,) € RY, its reflection in the plane dR"}
is the point
X=(X1,.00sXp_1,—Xp)-

We will solve problem (R6) for the half-space by setting

¢x(y) = CI)(y—fc) = q’()"l — X155 V-1~ Xn-1>Vn +xn) (x’y € Ri)

The idea is that the corrector ¢* is built from @ by “reflecting the singularity”
from x € R} to X ¢ R’}. We note

) =2y —x) ifyedRy,
and thus
Ap* =0 in R%}
¢* =d(y—x) ondRY,
as required.
DEFINITION. Green’s function for the half-space R} is
Gx,y)=d(y—x)-2(y—-%) (x,y€RL, x#y).
Then

Gyn(x’y) = cbyn(y -X) - q)yn(y —X)
_ -1 Yn —Xn Ynt Xy

T na(m) [ly—xn  Jy—xn]
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Consequently if y € R,

2x, 1

g—f(xa}’) = -G, (x,y) = e X =y
Suppose now u solves the boundary-value problem

Au=0 inR}
(32) { u=g ondR%.

Then from (BQ) we expect

(33) u(x) = 2n 80)

= na(n) Sy =3I

dy (x€RL)

to be a representation formula for our solution. The function

2xy, 1

Keey) = et =

(xeRY,y e 0RY)

is Poisson’s kernel for R’ , and (B3) is Poisson’s formula.

We must now check directly that formula (B3) does indeed provide us with
a solution of the boundary-value problem (B2).

THEOREM 14 (Poisson’s formula for half-space). Assume g € C(R*71) n
L[®(R"™Y), and define u by (B3). Then
(i) u € C®(RM) N L°(RM),
(i) Au=0 inR%, and
(iii) xlgfclo u(x) = g(x%) foreach point x° € IR".

xeR?

Proof.

1. For each fixed x, the mapping y — G(x, y) is harmonic, except for y = x.
As G(x,y) = G(y,x), x — G(x,y) is harmonic, except for x = y. Thus x
—%(x,y) = K(x,y) is harmonic for x € R%, y € oR".

2. A direct calculation, the details of which we omit, verifies
(34) 1= f K(x,y)dy
OR?

for each x € R%. As gis bounded, u defined by (B3) is likewise bounded. Since
x — K(x,y) is smooth for x # y, we easily verify as well u € C*(R%}), with

Au(x) = f 86 )g0)dy =0 (x € RY).
R
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3. Now fix x° € R, ¢ > 0. Choose § > 0 so small that
(35) 1g(y) —g(x%)| < if [y—x°| <8, y € R,

Then if |x — x°| < 2, x € RY,

) - g6 = | f K p)lg(y) — g(x®)] dy

oR%:

< f Kx,)lg) — g0 dy
(36) SR%NB(x0,8)

N f K(x,)|g) — g% dy
OR" —B(x9,5)
=I1+J.
Now (B4), (B3) imply
I< sf K(x,y)dy =e.
OR

Furthermore if |x — x°| < = and ly — x°| > &, we have
0 J 0.
y=x|<ly-x[+7 Sly—XI+§|y—x l

1 0
andso |y — x| > 5|y — x”|. Thus

7 < 2gl- f K(x, ) dy
OR"—B(x0,5)

S—f ly — x°|7" dy
na(n) OR" —B(x9,5)

-0 asx,—0".

Combining this calculation with estimate (B6), we deduce |u(x) — g(x°)| < 2,
provided |x — x°| is sufficiently small. 0

c. Green’s function for aball. To construct Green’s function for the unit ball
B(0, 1), we will again employ a kind of reflection, this time through the sphere
8B(0,1).

DEFINITION. If x € R" — {0}, the point

X
|x|?

X =

is called the point dual to x with respect to 0B(0,1). The mapping x — X is
inversion through the unit sphere 0B(0, 1).
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We now employ inversion through the sphere to compute Green’s function
for the unit ball U = B°(0,1). Fix x € B°(0,1). Remember that we must find a

corrector function ¢* = ¢*(y) solving
Ap* =0 in B°(0,1
(37) ¢ 0,1)
¢* =d(y —x) ondB(0,1);

then Green’s function will be
(38) G(x,y) = (y — x) — ¢*(y).

The idea now is to “invert the singularity” from x € B°(0,1) to X ¢ B(0, 1).
Assume for the moment n > 3. Now the mapping y — ®(y — X) is harmonic
for y # %. Thus y = |x|>* " "®(y — %) is harmonic for y # %, and so

(39) $*(¥) = o(|x|(y — %))
is harmonic in U. Furthermore, if y € dB(0,1) and x # 0,

2y - x 1

2 =12 2 2

x|y =X =|x -———+—
Py = 2 = |x] (|y| P |x|2)

=[x]?-2y-x+1=|x—y%
Thus (|x|[y — %|)~"=2 = |x — y|~("=2). Consequently
(40) ¢ () =2y —-x) (y<€9B(,1)),
as required.
DEFINITION. Green’s function for the unit ball is
(41)  G(xy) =0 —x)-2(x|(y - %) (x,y €B(0,1), x # ).

The same formula is valid for n = 2 as well.
Assume now u solves the boundary-value problem
Au=0 inB°0,1)
(42)
u=g ondB(0,1).
Then using (B0), we see
oG
@3) w == [ g5 )dso),
8B(0,1)

According to formula (@T)),

Gy,(x,3) = @,(y — x) — B(|x|(y — D)y,

But
1 x—Y;

na(n) |x — y|"’

q)yi(y —-X)=
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and furthermore

. -1 yibPox 1yl -
@ — X))y, = -7

(1xI(y = %)y, na(n) (|x|ly —xphpr — na(n) |x—y"

ify € 0B(0, 1). Accordingly

4G -
E(X’ y) = 21 YiGy,(x,y)
1=

-1 1 < 5
= Zyi((yi_xi)_yi|x| +x;)
i=1

na(n) |x — y|*

-1 1-—|x?
na(n) |x — y|"’

Hence formula (f3) yields the representation formula

1—|x|? {6))
u(x) = —— —=—dS(y).
noc(n) 8B(0,1) |x - yln Y
Suppose now instead of (#2) u solves the boundary-value problem
Au=0 inB°0,r)
(44)
u=g ondB(0,r)

for r > 0. Then #i(x) = u(rx) solves (#2), with g(x) = g(rx) replacing g. We
change variables to obtain Poisson’s formula

_r- lezf 46D 0
(45) u(x) = ) . =y dS(y) (x € B°(0,r)).

The function

rr—|x? 1
KO0 = Str o=y

is Poisson’s kernel for the ball B(0, r).

We have established (#3) under the assumption that a smooth solution of
(B4) exists. We next assert that this formula in fact gives a solution:

(x € B°(0,r), y € 3B(0,r))

THEOREM 15 (Poisson’s formula for ball). Assume g € C(3B(0,r)) and define
u by (B3). Then

() u e C*(B%0,r)),
(ii) Au = 0in B°(0,r), and
(i) lm  u(x)= g(x%) for each point x° € 6B(0,r).
X=X

xeB°(0,r)

The proof is similar to that for Theorem [[4 and is left as an exercise.
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2.2.5. Energy methods. Most of our analysis of harmonic functions thus far
has depended upon fairly explicit representation formulas entailing the fun-
damental solution, Green’s functions, etc. In this concluding subsection we
illustrate some “energy” methods, which is to say techniques involving the I>-
norms of various expressions. These ideas foreshadow later theoretical devel-

opments in Parts IT and III.
a. Uniqueness. Consider first the boundary-value problem
—Au=f inU
(46)
u=g onodU.

We have already employed the maximum principle in §P.2.3 to show unique-
ness, but now we set forth a simple alternative proof. Assume U is open,
bounded, and dU is C.

THEOREM 16 (Uniqueness). There exists at most one solution u € C*(U) of

(#E).

Proof. Assume i is another solution and set w := u — i%i. Then Aw = 0in U,
and so an integration by parts shows

0=—/wAwdx:/ [Dw|? dx.
U U

Thus Dw = 0in U, and, sincew = 0ondU,wededucew = u—a=0inU. O

b. Dirichlet’s principle. Next let us demonstrate that a solution of the
boundary-value problem (#6) for Poisson’s equation can be characterized as
the minimizer of an appropriate functional. For this, we define the energy func-
tional

Iw] = f Lpwp - wfdx,
U 2
w belonging to the admissible set

A={weC*U)|w=gondU}.

THEOREM 17 (Dirichlet’s principle). Assume u € C*(U) solves (A6). Then
47) I[u] = min I[w].

weA

Conversely, ifu € A satisfies (87), then u solves the boundary-value problem (i8).

In other words if u € A, the PDE —Au = f is equivalent to the statement
that u minimizes the energy I[ - | among functions in A.
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Proof.

1. Choose w € A. Then (#€6) implies
0= f(—Au — f)(u —w)dx.
U
An integration by parts yields
0= f Du-D(u—w)— f(u—w)dx,
U
and there is no boundary term since u —w = g — g = 0 on dU. Hence

/|Du|2—ufdx=fDu-Dw—wfdx
U U

1 1
< f ~|Du)?dx +j ~|Dw|? — wf dx,
U 2 U 2
where we employed the estimates
1 1
|Du - Dw| < |Du||Dw| < §|Du|2 + §|Dw|2,

following from the Cauchy-Schwarz and Cauchy inequalities (§B.2). Rearrang-
ing, we conclude

(48) Iu]l < I[w] (w e A).
Since u € A, (#7) follows from (g8).
2. Now, conversely, suppose (§7) holds. Fix any v € C&(U) and write

i(r) =Iu+1tv] (r€R).

Since u + tv € A for each 7, the scalar function i(-) has a minimum at zero,

and thus
g , . d
') =0 ( B dT)’

provided this derivative exists. But
1
i(t) = / =|Du + tDv|? — (u + v)f dx
U 2
1, ., 2
= | =|Dul*+ tDu-Dv+ —|Dv|* — (u + tv)f dx.
2 2
Consequently
0=1i'(0) = f Du-Dv—-vfdx = f(—Au—f)vdx.
U U

This identity is valid for each functionv € C®(U) andso —Au = finU. O
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Dirichlet’s principle is an instance of the calculus of variations applied to
Laplace’s equation. See Chapter § for more.

2.3. HEAT EQUATION

Next we study the heat equation

(1) u;—Au=0
and the nonhomogeneous heat equation

) U —du = f,

subject to appropriate initial and boundary conditions. Here t > 0 and x € U,
where U C R" is open. The unknown isu : U X [0,0) — R, u = u(x,t), and
the Laplacian A is taken with respect to the spatial variables x = (xy, ..., Xx,):
Au=Au= Z?zl Uy, x,- In (B) the function f : U X [0, 00) — R is given.

A guiding principle is that any assertion about harmonic functions yields
an analogous (but more complicated) statement about solutions of the heat
equation. Accordingly our development will largely parallel the corresponding
theory for Laplace’s equation.

Physical interpretation. The heat equation, also known as the diffusion
equation, describes in typical applications the evolution in time of the density
u of some quantity such as heat, chemical concentration, etc. If V' C U is any
smooth subregion, the rate of change of the total quantity within V equals the
negative of the net flux through dV:

di udx=—/ F-vdS,
tJy )%

F being the flux density. Thus
(3) Uy = — div F,

as V was arbitrary. In many situations F is proportional to the gradient of u
but points in the opposite direction (since the flow is from regions of higher to
lower concentration):

F=—-aDu (a>0).
Substituting into (§), we obtain the PDE
u; = adiv(Du) = aAu,

which for a = 1 is the heat equation.
The heat equation appears as well in the study of Brownian motion.
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2.3.1. Fundamental solution.

a. Derivation of the fundamental solution. As noted in §2.2.1 an impor-
tant first step in studying any PDE is often to come up with some specific solu-
tions.

We observe that the heat equation involves one derivative with respect to
the time variable ¢, but two derivatives with respect to the space variables x;
(i = 1,...,n). Consequently we see that if u solves ([ll), then so does u(1x, A*t)

2
for A € R. This scaling indicates the ratio r7 (r = |x|) is important for the
heat equation and suggests that we search for a solution of ([) having the form

2 2
u(x,t) = v(rT) = v(%) (t > 0, x € R"), for some function v as yet undeter-
mined.

Although this approach eventually leads to what we want (see Problem [[3),
it is quicker to seek a solution u having the special structure

4) u(x,t) = t%v(%) (x € R™, t > 0),

where the constants a, 8 and the function v : R” — R must be found. We
come to () if we look for a solution u of the heat equation invariant under the
dilation scaling

u(x,t) —» 22u(ABx, At).
That is, we ask that
u(x, t) = 22u(Afx, At)
forall 1 > 0, x € R", t > 0. Setting A = ¢t~!, we derive (@) for v(y) = u(y, 1).
Let us insert (f) into () and thereafter compute

(5) at=@Dy(y) + Bt=@Dy . Du(y) + t=@*+2D) Ap(y) = 0

for y := t=#x. In order to transform (§) into an expression involving the variable
y alone, we take § = % Then the terms with ¢ are identical, and so (§) reduces
to

(6) av+%y~Dv+Av=0.

We simplify further by guessing v to be radial; that is, v(y) = w(]y|) for some
w : R —» R. Thereupon (f) becomes

1 n—1
aw+§rw’+w”+7w’ =0,

_ r_ i . _n o .
forr=1y|,’ = I Now if we set a = > this simplifies to read

1
" tw') + E(r”w)’ =0.
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Thus

1
r=lw + Er”w =a

for some constant a. Assuming w, w’ — 0 fast enough as r — oo, we conclude
a = 0; whence

But then for some constant b

(7) w=be 7.

lx2
Combining (#), () and our choices for «, §, we conclude that t,%e_T solves

the heat equation ([).

This computation motivates the following

DEFINITION. The function

1 _ Ix

O(x, 1) = |G ¢ (XERL1>0)
0 (xeR", t<0)

is called the fundamental solution of the heat equation.
Notice that @ is singular at the point (0,0). We will sometimes write
D(x,t) = ®(|x|, t) to emphasize that the fundamental solution is radial in the

variable x. The choice of the normalizing constant (477)~"/2 is dictated by the
following

LEMMA (Integral of fundamental solution). For each time t > 0,

f ®d(x,t)dx = 1.
[Rn

Proof. We calculate
[ d(x,t)dx = ! f e“i_‘tz dx
R7 ’ (47Tt)n/2 R7

1 2
= 2 e"z' dz
T RN

1 n [o0]
2
= py H e % dZi =1. |
T i=1 Y-

A different derivation of the fundamental solution of the heat equation ap-

pears in §4.3.1.
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b. Initial-value problem. We now employ @ to fashion a solution to the
initial-value (or Cauchy) problem

U, —Au=0 inR" x (0, 00)
(®) {

u=g onR"x{t=0}
Let us note that the function (x,t) — ®(x,t) solves the heat equation away

from the singularity at (0,0), and thus so does (x,t) —» ®(x — y,t) for each
fixed y € R". Consequently the convolution

u(x,t) = / O(x —y,0)g(y) dy
Rn

_ 1
 (4mr)n/2

©) x-y1?
f e” & g(y)dy (xeR" t>0)
Rn

should also be a solution.

THEOREM 1 (Solution of initial-value problem). Assume g € C(R™")NL®(R"),
and define u by (9). Then

(i) u e C®(R" x (0, 0)),
(i) u;(x,t) — Au(x,t) =0 (x € R", t > 0), and

(iii)  lim  u(x,t) = g(x°) for each point x° € R™.
(x,6)=(x°,0)
xeR", t>0

Proof.

x\z
1. Since the function tn%e r is infinitely differentiable, with uniformly
bounded derivatives of all orders, on R" X [8, oo) for each § > 0, we see that

u € C*(R" x (0, )). Furthermore

(1) — Au(x, ) = f [(®; — AD)x — y.)]g(y) dy

Rn
=0 (xeR" t>0),

(10)

since @ itself solves the heat equation.

2. Fix x° € R", ¢ > 0. Choose § > 0 such that

(11) lg(y) —g(x%)| <e if [y—x° <8, yeR"
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Then if |x — x°| < °, we have, according to the Lemma,

lu(x,t) = gx®)| =] | @(x—y,0)gy) —g(x*)]dy]|
Rn

< f O(x — . Dlg(y) — g(x®)| dy
B(x9,5)

+ f O(x — y.0)lg0y) — g dy
Rn—B(x0,5)

=]+/J.

Igsf d(x —y,t)dy =¢,
Rn

owing to ([T) and the Lemma. Furthermore, if |x — x°| < g and |y — x°| > 6,
then

5 1
=2 <y —xl+ 3 <ly—x[+3ly—x%.

Thus |y — x| > %| y — x°|. Consequently

7 < 2llgle f O(x - y,1)dy
RR—B(x0,5)

C _x-y2
< m e 4t dy
Rr—B(x9,5)

_x012
< L o ly 16t| dy
tn/2
R —B(x0,5)
z2
=Cf e~ dz -0 ast— 0t
Rr—B(0,6/\/t)
Hence if |x — x°| < g and ¢t > 0 is small enough, |u(x, t) — g(x°)| < 2e. O

Interpretation of fundamental solution. In view of Theorem [I] we some-
times write
O, —AP =0 inR" x(0,c0)
®=6, onR"x{t=0}
8o denoting the Dirac measure on R" giving unit mass to the point 0.

Infinite propagation speed. Notice that if g is bounded, continuous, g > 0,
g # 0, then

[x=

v
ag(y)dy

1 -
U(X,t)=W'/|;ne

is in fact positive for all points x € R" and times ¢t > 0. We interpret this
observation by saying the heat equation forces infinite propagation speed for
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disturbances. If the initial temperature is nonnegative and is positive some-
where, the temperature at any later time (no matter how small) is everywhere
positive. (We will learn in §2.4.3 that the wave equation in contrast supports
finite propagation speed for disturbances.)

c. Nonhomogeneous problem. Now let us turn our attention to the nonho-

mogeneous initial-value problem
u,—Au=f inR" X (0,0)
(12)
u=0 onR"x{t=0}

How can we produce a formula for the solution? If we recall the motivation
leading up to (), we should note further that the mapping (x, t) — ®(x—y, t—s)
is a solution of the heat equation (for given y € R", 0 < s < t). Now for fixed
s, the function

U= ux, £55) = f B(x— 3.t — 8)f(3.5)dy
Rn

solves

(12)

u,(-;8) — Au(-;5) =0 in R" X (s, )
{ u(-;s) = f(-,s) onR"x{t = s},

which is just an initial-value problem of the form (§), with the starting time
t = O replaced by ¢t = s and g replaced by f(-,s). Thus u(-;s) is certainly not a
solution of ([[2).

However Duhamel’s principle® asserts that we can build a solution of ([2)
out of the solutions of ([[2{), by integrating with respect to s. The idea is to
consider

t
u(x,t) = / u(x,t;s)ds (x € R", t > 0).
0

Rewriting, we have

t
u(x,t):f f d(x —y,t —s)f(y,s)dyds
0o Jrn

! 1 -y
=j Wf e 39 f(y,s) dyds,
0 Rn

To confirm that formula (13) works, let us for simplicity assume f €
CZ(R"™ x [0, 00)) and f has compact support in the variable x.

(13)

forx e R", t > 0.

*Duhamel’s principle has wide applicability to linear ODE and PDE and does not depend on the spe-
cific structure of the heat equation. It yields, for example, the solution of the nonhomogeneous transport
equation, obtained by different means in §.1.7. We will invoke Duhamel’s principle for the wave equation

in §£.47
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THEOREM 2 (Solution of nonhomogeneous problem). Define u by (13). Then
() u € CE(R" X (0, 00)),
() ui(x,t) — Au(x,t) = f(x,t) (x € R"™ t > 0), and

(iii)  lim  u(x,t) = 0 for each point x° € R™.
(x,6)—(x°,0)
xeR”, t>0

Proof.

1. Since @ has a singularity at (0, 0), we cannot directly justify differenti-
ating under the integral sign. We instead proceed somewhat as in the proof of

Theorem [ in §P.2.1l.

First we change variables, to write

t
u(x,t) = f f D(y,8)f(x — y,t — s)dyds.
0o Jrn

As f € C3(R" x [0, o)) has compact support and ® = ®(y, s) is smooth near
s =1t > 0, we compute

t
u(x,t) = f f D(y,s)fi(x —y,t —s)dyds
0o Jrn

; f Oy, 1) (x — y,0) dy
Rn

and
t
uxixj(x,t)=f/<I>(y,s)fxixj(x—y,t—s)dyds (i, j=1,...,n).
o Jrn

Thus u;, D?u, and likewise u, D,u, belong to C(R" x (0, 0)).
2. We then calculate

t
ut(x,t)—Au(x,t)=/ f (D(y’s)[(%_Ax)f(x—y,t—S)]dyds
0 Rn
+ f O(y, 1) f(x—y,0)dy
R}’l
t 3
(14) =/g Lnq)(y’s)[(ﬁ—Ay)f(x—y,t—s)]dyds

+ [ [ 20905 -a)se-y.t-s)dyas
0 JRn

; f B(y. 1)f (x—.0) dy.
Rn

=I.+J +K.
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Now

(15) Vel < (1l + D2 f2) f f ®(y,s)dyds < <C,
0 Rn

by the Lemma. Integrating by parts, we also find
t
0
I, = f / [(& —A))2(y, s)]f(x —y,t —s)dyds
€ Rn?

; / B(y,6)f (x = 9.t — &) dy
(16) e

- / By, 1)f (x — y.0)dy
RrRA

- [ 20.05G-yt-9dy-k,
RYL
since @ solves the heat equation. Combining (I4)-([L§), we ascertain

u;(x,t) — Au(x,t) = iirré D(y,e)f(x —y,t—e)dy

bnd R"
= f(x,t) (xeR" t>0),
the limit as ¢ — 0 being computed as in the proof of Theorem [I. Finally note

[[uC Dllz= < EIfllz= = 0. a

Solution of nonhomogeneous problem with general initial data. We can
of course combine Theorems [I| and P to discover that

t
A7) ulx) = f O(x -y, Dg(y) dy + f / O(x = yut — ) (y.s) dyds
n 0 Rn

R

is, under the hypotheses on g and f as above, a solution of
u,—Au=f inR"x (0, )
(18) t
u=g onR"x{t=0}

2.3.2. Mean-value formula. First we recall some useful notation from §A.2.
Assume U C R" is open and bounded, and fix a time T > 0.

DEFINITIONS.
(i) We define the parabolic cylinder
Ur:=UX(0,T].
(ii) The parabolic boundary of Uy is
Ir == Ur — Ur.
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We interpret Uy as being the parabolic interior of U X [0, T]: note carefully
that Uy includes the top U x {t = T}. The parabolic boundary I’y comprises the
bottom and vertical sides of U X [0, T], but not the top.

E—

The region Ut

R T'r

We want next to derive a kind of analogue to the mean-value property for
harmonic functions, as discussed in §2.2.2. There is no such simple formula.
However let us observe that for fixed x the spheres dB(x,r) are level sets of
the fundamental solution ®(x — y) for Laplace’s equation. This suggests that
perhaps for fixed (x, t) the level sets of fundamental solution ®(x — y, t — s) for
the heat equation may be relevant.

DEFINITION. For fixed x € R",t € R, r > 0, we define

1
) 1
E(x,t,r)._{(y,s)e[R”“r | s <t, d)(x—y,t—s)zr—n}.

This is a region in space-time, the boundary of which is a level set of
®(x — y,t — s). Note that the point (x, t) is at the center of the top. E(x, t;r) is
sometimes called a “heat ball”.

THEOREM 3 (A mean-value property for the heat equation). Letu € C#(Uy)
solve the heat equation. Then
2

1 |x -yl
(19) u(x,t) = — [/ u(y, s) dyds
arn E(x,t;r) (t—s)

foreach E(x,t;r) C Ur.
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(x,t)

E(x,t;r)

A “heat ball”

Formula ([[9) is a sort of analogue for the heat equation of the mean-value
formulas for Laplace’s equation. Observe that the right-hand side involves only
u(y, s) for times s < t. This is reasonable, as the value u(x, t) should not depend
upon future times.

Proof. Shift the space and time coordinates so that x = 0 and t = 0. Upon
mollifying if necessary, we may assume u is smooth. Write E(r) = E(0,0;r)
and set
yI®
= /]E u(y, S) dyds
(20) Q)

— 2 |Y|2
= u(ry,r°s)=—- dyds.
EQ1) s

2 2
c;b’(r):/ Z Uy, y ,|y| +2rus|y| dyds
E(1) i=1

1 yI? yP
= r”+1f Zuylyl%+2usl | dyds
E(r)i=1

‘We compute

=:A+B.

Also, let us introduce the useful function

(21) Pi=—= log( —47s) + —
and observe ¢ = 0 on 0E(r) — {(0, 0)}, since CIJ(y, —s) = r " on 8E(r). We utilize

(B1) to write
1 n
= pn+1 ]] 4us Z yi¢yi dde
E(i‘) i=1

1 n
= [/ 4nugp + 42 Uy, VY dyds;
E(i‘) i=1
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there is no boundary term since ¥ = 0 on dE(r) — {(0,0)}. Integrating by parts
with respect to s, we discover

B= s /fE(r) dnugp + 42 Uy, yips dyds

i=1

n
= /f —4nugp + 42 Uy Vi ( |J’| )dyds
E(r)
= /](r) dnugh) — — Z uy, y;dyds —

i=1

Consequently, since u solves the heat equation,

¢'(=A+B

1 21 —
Sy /f —4nAuy — - Z uy,y; dyds
E(r) i=1
Z rh+l [/ 4nuytl’b.)’1 uy Yi dde
E(r)

=0, accordlng to (B1)).

Thus ¢ is constant, and therefore

L _ 1 yI? _
¢(r) = %eré #(t) = u(0, 0)(%1301 o /]E o 3 dyds) = 4u(0,0),

as
2 2
l/f ﬂdyds=ff DI s = 4
tn 52 s2
E(t) E(1)
We omit the details of this last computation. O

2.3.3. Properties of solutions.

a. Strong maximum principle, uniqueness. First we employ the mean-
value property to give a quick proof of the strong maximum principle.

THEOREM 4 (Strong maximum principle for the heat equation). Assumeu €
C%(Ur) n C(Uy) solves the heat equation in Ur.
(i) Then
maxu = maxu.
Ur Tr

(ii) Furthermore, if U is connected and there exists a point (xy,ty) € Ur
such that
u(xy, ty) = maxu,
Ur



2.3. Heat Equation 53

Rn

Strong maximum principle for the heat equation

then

u is constant in Uy .

Assertion (i) is the maximum principle for the heat equation and (ii) is the
strong maximum principle. Similar assertions are valid with “min” replacing

143 2

max

Interpretation. So ifu attains its maximum (or minimum) at an interior point,
then u is constant at all earlier times. This accords with our strong intuitive
understanding of the variable ¢ as denoting time: the solution will be constant
on the time interval [0, t,] provided the initial and boundary conditions are
constant. However, the solution may change at times ¢t > t,, provided the
boundary conditions alter after ¢y,. The solution will however not respond to
changes in boundary conditions until these changes happen.

Take note that whereas all this is obvious on intuitive, physical grounds,
such insights do not constitute a proof. The task is to deduce such behavior
from the PDE.

Proof.

1. Suppose there exists a point (x,ty) € Ur with u(xq,ty) = M =
maxg, u. Then for all sufficiently small r > 0, E(x,, ty;7) C Ur; and we employ
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the mean-value property to deduce

M = u(xy, ty) = f/ u(y, S)| o l > dyds < M,
E(xo,t051) (to

2
[[ X0 — J’|2 dyds.
E(xo,to5r) (to S)

Equality holds only if u is identically equal to M within E(x, ty;7). Conse-
quently

since

u(y’ S) =M forall (y, S) € E(XO’ lo; l").

Draw any line segment L in Uy connecting (x,,t,) with some other point
Vo, S0) € Ur, with 54 < t,. Consider

¥y == min{s > s, | u(x,t) = M for all points (x,t) € L,s <t <ty }.

Since u is continuous, the minimum is attained. Assume r, > sy,. Then
u(zy,19) = M for some point (zy,75) on L N Ur and so u = M on E(z, ry; 1)
for all sufficiently small r > 0. Since E(zy, ry;r) contains LN {ry — o <t < 1y}
for some small o > 0, we have a contradiction. Thus r, = sy, and henceu = M
on L.

2. Now fix any point x € U and any time 0 < t < t,. There exist points
{xg,X1,..., X%, = x}such that the line segments in R” connecting x;_; to x; lie
in U fori = 1, ..., m. (This follows since the set of points in U which can be
so connected to x by a polygonal path is nonempty, open and relatively closed
in U.) Select times t, > t; > --- > t,, = t. Then the line segments in R"**1
connecting (x;_;,t;_;) to (x;,t;) (i = 1,...,m) lie in Ur. According to step 1,
u = M on each such segment and so u(x, t) = M. O

Infinite propagation speed again. The strong maximum principle implies
that if U is connected and u € CZ(Uy) N C(Uy) satisfies
—Au=0 in UT
u=0 ondUX]|0,T]
u=g onUX{t=0}
where g > 0, then u is positive everywhere within Uy if g is positive somewhere
on U. Thisis another illustration of infinite propagation speed for disturbances.

An important application of the maximum principle is the following
uniqueness assertion.
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THEOREM 5 (Uniqueness on bounded domains). Let g € C(I't), f € C(Ur).
Then there exists at most one solution u € C3(Ur)NC(Uy) of the initial/boundary-
value problem
u,—Au=f inUr
(22)
u=g onlry.
Proof. If u and 7 are two solutions of (2), apply Theorem f to w := +(u —
i). O

We next extend our uniqueness assertion to the Cauchy problem, that is, the
initial-value problem for U = R". As we are no longer on a bounded region,
we must introduce some control on the behavior of solutions for large |x|.

THEOREM 6 (Maximum principle for the Cauchy problem). Suppose u €
CZ(R" x (0, T]) n C(R" x [0, T]) solves
u;—Au=0 inR"x(0,T)

(23)

u=g onR"x{t=0}
and satisfies the growth estimate
(24) u(x,t) < Ae®™* (xeR",0<t<T)
for constants A, a > 0. Then

sup u=supg.

R"x([0,T] R7

Proof.

1. First assume

(25) 4aT < 1,

in which case

(26) 4a(T+¢)< 1

for some ¢ > 0. Fix y € R", u > 0, and define

v(x,t) == u(x,t) — #e% (xeR", t>0).

(T +e—t)n2
A direct calculation (cf. §2.3.1) shows
v;—Av=0 inR"x(0,T].

Fix r > 0 and set U := B°(y,r), Ur = B%y,r) x (0, T]. Then according to
Theorem H,

27) maxv = maxv
Ur Tr
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where I is the parabolic boundary of Ur.
2. Now if x € R",

M 1=yl
,0) = ,0) — — LT+
(28) U(x ) u(x ) (T+E)n/2e

< u(x,0) = g(x);

andif|[x —y|=r,0<t < T, then

2

/,{ T
0 0) = U ) = e
< Ae — Le@ by (24)
B (T + ¢ —t)n/2 y
2
T .
< Ae®yl+r T E)n/ze4(T ).

Now according to (26), ﬁ = a + y for some y > 0. Thus we may continue

the calculation above to find

(29) v(x, 1) < Ae®WH* _ y(4a(a + y))M2e @+ < supg,
Rn

for r selected sufficiently large. Thus (£7)-(9) imply
v(y,t) <supg
Rn

forally € R",0 <t < T, provided (R3) is valid. Let u — 0.
3. In the general case that (R3) fails, we repeatedly apply the result above
on the time intervals [0, T{], [T}, 2T} ], etc., for T} = L. O

8a

THEOREM 7 (Uniqueness for Cauchy problem). Let g € C(R"), f € C(R" X
[0, T1). Then there exists at most one solution u € C3(R"*x(0, T)NnC(R"x[0, T])
of the initial-value problem

u,—Au=f inR"x(0,T)
(30) {

u=g onR"x{t=0}
satisfying the growth estimate
(31) lu(x,t)] < Ae®*’*  (x eR", 0<t<T)

for constants A, a > 0.

Proof. If u and # both satisfy (B0), (B1), we apply Theorem f to w := +(u —
i). O



2.3. Heat Equation 57

Nonphysical solutions. There are in fact infinitely many solutions of
u;—Au=0 inR"x(0,7T)

(32)

u=0 onR"Xx{t=0}

see for instance John [J2, Chapter 7]. Each of these solutions besides u = 0
grows very rapidly as |x| = oo.

There is an interesting point here: although u = 0 is certainly the “phys-
ically correct” solution of (B2), this initial-value problem in fact admits other,
“nonphysical”, solutions. Theorem [j provides a criterion which excludes the
“wrong” solutions. We will encounter somewhat analogous situations in our
study of Hamilton-Jacobi equations and conservation laws, in Chapters j,

and [11.

b. Regularity. We next demonstrate that solutions of the heat equation are
automatically smooth.

THEOREM 8 (Smoothness). Suppose u € C(Ur) solves the heat equation in
Ur. Then
u e C®(Ur).

This regularity assertion is valid even if u attains nonsmooth boundary val-
ues on Ir.
Proof.
1. Recall from §[A.7 that we write
Clx,t;r)={(,9) | |x—y| <r, t—r*<s<t}

to denote the closed circular cylinder of radius r, height r?, and top center point
(x,1).

Fix (xg,ty) € Ur and choose r > 0 so small that C := C(xy,to;r) C Ur.
Define also the smaller cylinders C’ := C(xy, to; %r), C" = C(xg, to; %r), which
have the same top center point (x, t;).

Choose a smooth cutoff function { = {(x, t) such that

0<¢{<1,{=1onC,
¢ = 0 near the parabolic boundary of C.
Extend { = 0in (R" x [0,t,]) — C.
2. Assume temporarily that u € C*(Uyr) and set
v(x, t):=¢(x, Hulx,t) (xeR™ 0<t <tp).

Then
v, = Cuy + CGu, Av = {Au+ 2D¢ - Du + uAl.
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(x0,tQ)
———
CI ’
S —
cl
C
L — T
\ /
Consequently
(33) v=0 onR"x{t=0}
and
(34) v, —Av = &u—2D¢ - Du—uA = f

in R" x (0, t,). Now set

t
O(x,t) := f f ®(x — y,t —5)f(y,s)dyds.
0 Jrr
According to Theorem

0, —AD=f inR"x(0,ty)
0=0

(35) on R" x {t = 0}.

Since |v], |0] < A for some constant A, Theorem [] implies v = 0; that is,

t
(36) v(x,t) = f / d(x — y,t —8)f(y,s) dyds.

0 Jrn
Now suppose (x,t) € C". As { = 0 off the cylinder C, (B4) and (Bg) imply

u(x, 1) = ff B(x = 3.t = (. 5) = ALGr Huly.s)
C

—2D¢(y, s) - Du(y, s)] dyds.

Note in this equation that the expression in the square brackets vanishes in
some region near the singularity of ®. Integrate the last term by parts:

i) = [ 106e= 3. = 960:9)+ 20,9
o
+2D,®(x — y,t —5) - DS(y, 5)]u(y, s) dyds.

(37)
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We have proved this formula assuming u € C®. If u satisfies only the hypothe-
ses of the theorem, we derive (B7) with u® = . * u replacing u, 7, being the
standard mollifier in the variables x and ¢, and let ¢ — 0.

3. Formula (B7) has the form

(38) u(x,t) = ﬂ K(x,t,y,)u(y,s)dyds ((x,t) e C"),
c

where
K(x,t,y,s) =0 forall points (y,s) € C’,

since { = 1 on C’. Note also K is smooth on C — C’. In view of expression (B§),
we see u is C* within C” = C(xy, ty; %r). -

c. Local estimates for solutions of the heat equation. Let us now record
some estimates on the derivatives of solutions to the heat equation, paying at-
tention to the differences between derivatives with respectto x; (i = 1, ..., h)
and with respect to t.

THEOREM 9 (Estimates on derivatives). There exists for each pair of integers
k,1=0,1,... aconstant Cy ; such that

C
kpl kl
C(l;cl,lte;lii/z) |Dthu| < rk+2l+n+2 “u”Ll(C(x,t;r))
for all cylinders C(x,t;r/2) C C(x,t;r) C Ur and all solutions u of the heat
equation in Ur.

Proof.

1. Fix some point in Ur. Upon shifting the coordinates, we may as well
assume the point is (0, 0). Suppose first that the cylinder C(1) := C(0, 0; 1) lies
in Ur. Let C (%) =C (O, 0; %) Then, as in the proof of Theorem B,

u(x, t) = ff K(x,t,y,9)u(y,s)dyds ((x,t) € C(3))
c@)
for some smooth function K. Consequently
IDEDfu(x, 1)] < // ID{DEK(x, 1, y, )| |u(y, 5)| dyds
(39) cq)
< Crallullzaccqy)
for some constant Cy;.

2. Now suppose the cylinder C(r) := C(0,0;r) lies in Uy. Let C(r/2) =
C(0,0;r/2). We rescale by defining

v(x, t) = u(rx, r’t).
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Then v, — Av = 0 in the cylinder C(1). According to (B9),

IDED}(x, )] < Cullvlleqay  ((x6) € C(5))
1

pn+2

But DED}u(x, t) = r?**DED}u(rx, r?t) and ||v]|1icay =
fore

||u||L1(C(,)). There-

C
kpl kl
max [DEDiu| < s Il ey -

If u solves the heat equation within Uy, then for each time 0 < ¢t < T, the
mapping x — u(x,t) is analytic. (See Mikhailov [M]].) However the mapping
t — u(x, t) is not in general analytic.

2.3.4. Energy methods.
a. Uniqueness. We investigate again the initial/boundary-value problem
u,—Au=f inUp
(40)
u=g only.

We earlier invoked the maximum principle to show uniqueness and now—by
analogy with §R.2.3—provide an alternative argument based upon integration
by parts. We assume as usual that U C R" is open and bounded and that U is
Cl. The terminal time T > 0 is given.

THEOREM 10 (Uniqueness). There exists only one solution u € C3(Uy) of the
initial/ boundary-value problem (fQ).

Proof.

1. If @i is another solution, w := u — i solves

w; —Aw =0 inUyr
(41)
w=0 only.
2. Set
e(t) = f w?(x,t)dx (0<t<T).
U
Then
ét)y=2 | ww,dx ( —i)
B T dt
= 2/ wAw dx
U
=—{/mm%uga
U
and so

e(t)<e(0)=0 (OLtLTD).
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Consequently w = u — @i = 0in Ur. O

Observe that the foregoing is a time-dependent variant of the proof of The-
orem [Ifin §2.2.5.
b. Backwards uniqueness. A rather more subtle question asks about
uniqueness backwards in time for the heat equation. For this, suppose u and @
are both smooth solutions of the heat equation in Ur, with the same boundary
conditions on dU:

u—Au=0 inUy
(42)
u=g ondUx]|0,T],
i, —A@=0 inUg
(43) .
fi=g ondUx]|0,T],

for some function g. Note carefully that we are not supposing u = ii at time
t=0.

THEOREM 11 (Backwards uniqueness). Suppose u, ii € C?(Uy) solve (B2),
®#3. If
ulx, T) =1i(x, T) (x e U),
then
u=1 within Uy.
In other words, if two temperature distributions on U agree at some time
T > 0 and have had the same boundary values for times 0 < ¢t < T, then these

temperatures must have been identically equal within U at all earlier times.
This is not at all obvious.

Proof.

1. Write w := u — @ and, as in the proof of Theorem [L(, set
e(t) = f w?(x,t)dx (0<t<T).
U

As before

d
(44) 't=—2fD 2d =
«=-2 ipurar (*=g)
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Furthermore

ét) = —4f Dw - Dw,; dx
U
(45) :4f Aww, dx
U

:4/(Aw)2 dx by (fI).
U

Now since w = 0 on dU,

f|Dw|2dx=—f wAw dx
U U
1/2
< (f w? dx) (f (Aw)? dx)
U U

2

1/2

Thus (44) and (#3) imply

't2=4< D2d>
@) L|m x
< 2d)(4 A2d>
(wa L(w)x

= e(t)e(t).
Hence
(46) éte(t) = (é(1))* (0<t<T).

2. Now ife(t) = 0forall0 <t < T, we are done. Otherwise there exists an
interval [t,t,] C [0, T], with

47) e(t)>0 fort; <t<t,, e(t,)=0.
3. Write
(48) f(@) =loge(t) (t; <t<t,).
Then 0 (07
. e(t e(t
fO=5-a 20 by @)

and so f is convex on the interval (¢, t,). Consequentlyif0 < 7 < 1,t; <t < t,,
we have

(A=t +7) <A =1)f(t) + Tf ().
Recalling (#§), we deduce
e((1 — )ty + 1t) < e(t)) ~%e(t)?,
and so
0<e((1—1)t +1t) <e(t))'Te(t,)" (0<7<1).
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But in view of (#7) this inequality implies e(t) = 0 for all times ¢; <t < t,,a
contradiction. O

2.4. WAVE EQUATION

In this section we investigate the wave equation
@Y Uy —Au=0
and the nonhomogeneous wave equation

(2) uy —Au=f,

subject to appropriate initial and boundary conditions. Here t > 0O and x € U,
where U C R" is open. The unknown isu : U X [0,0) — R, u = u(x, t), and
the Laplacian A is taken with respect to the spatial variables x = (xy,...,X,).
In (@) the function f : U X [0, ) — R is given. A common abbreviation is to
write

Clu == uy — Au.
We shall discover that solutions of the wave equation behave quite differ-

ently than solutions of Laplace’s equation or the heat equation. For example,
these solutions are generally not C*, exhibit finite speed of propagation, etc.

Physical interpretation. The wave equation is a simplified model for a vi-
brating string (n = 1), membrane (n = 2), or elastic solid (n = 3). In these
physical interpretations u(x, t) represents the displacement in some direction
of the point x at time ¢ > 0.

Let V represent any smooth subregion of U. The acceleration within V is

then
i f o=
— | udx= | u;dx
dez ), v

and the net contact force is
- / F-»dS,
1%

where F denotes the force acting on V' through 0V and the mass density is taken
to be unity. Newton’s law asserts that the mass times the acceleration equals

the net force:
futtdx: —f F-vdS.
1% 14

This identity obtains for each subregion V and so

utt = - le F.
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For elastic bodies, F is a function of the displacement gradient Du, whence
u;; + divF(Du) = 0.
For small Du, the linearization F(Du) ~ —aDu is often appropriate; and so
Uy —alAu = 0.

This is the wave equation if a = 1.

This physical interpretation strongly suggests it will be mathematically ap-
propriate to specify two initial conditions, on the displacement u and the velocity
u;, at time t = 0.

2.4.1. Solution by spherical means. We began §§2.2.1 and by search-
ing for certain scaling invariant solutions of Laplace’s equation and the heat
equation. For the wave equation however we will instead present the (reason-
ably) elegant method of solving ([l]) first for n = 1 directly and then for n > 2
by the method of spherical means.

a. Solution for n = 1, d’Alembert’s formula. We first focus our attention
on the initial-value problem for the one-dimensional wave equation in all of R:

(3)

Uy — Uy =0 in R X (0, 00)
u=g, u;=h onRXx{t=0}

where g, h are given. We desire to derive a formula for u in terms of g and h.
Let us first note that the PDE in (B) can be “factored”, to read

o) d\/a o)
(4) <E+a><a—a)u—un—um—0.
Write
5] d
) 0(x, 1) = (5 - a) u(x, 0).
Then (H) says

V06 +0,(x,t) =0 (xR, t>0).

This is a transport equation with constant coefficients. Applying formula (B)
from §p.1.1| (with n = 1, b = 1), we find

(6) v(x,t) =a(x—1)
for a(x) := v(x, 0). Combining now (#)-(f]), we obtain

u;(x,t) —u(x,t) =alx—t) inR X (0, ).
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This is a nonhomogeneous transport equation; and so formula (§) from §2.1.2
(withn =1,b = -1, f(x,t) = a(x — t)) implies for b(x) := u(x, 0) that
t
u(x,t) = f a(x+(t—s)—s)ds+b(x+1t)
(7) ‘

1 X+t
=5 / a(y)dy + b(x + t).
x—t

We lastly invoke the initial conditions in (§) to compute a and b. The first initial
condition in (B) gives
b(x) =g(x) (x€R),

whereas the second initial condition and (§) imply
a(x) = v(x,0) = u(x,0) — uy(x,0) = h(x) — g'(x) (x €R).

Our substituting into () now yields

X+t
uxi)=3 [ o) =0yt gl
x—t

Hence

X+t

®)  u(xt) = %[g(x +1)+ g(x— D] + %f h(y)dy (x€R,t>0).

x—t
This is d’Alembert’s formula.
We have derived formula (§) assuming u is a (sufficiently smooth) solution
of (B). We need to check that this really is a solution.

THEOREM 1 (Solution of wave equation, n = 1). Assume g € C*(R), h €
C!(R), and define u by d’Alembert’s formula (§). Then

(i) u € C3(R x [0, )),
(ii) u; — Uy = 0in R X (0, 00),

(iii) lim  u(x,t) = g(x%, lim  u/(x,t) = h(x®) for each point
(x,t)—>(x°,0) (x,t)—>(x°,0)
t>0 t>0

x eRr
The proof is a straightforward calculation.

Remarks.

(i) In view of (B), our solution u has the form

u(x,t)=F(x+t)+G(x—1t)
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for appropriate functions F and G. Conversely any function of this form solves
Uy — Uy = 0. Hence the general solution of the one-dimensional wave equa-
tion is a sum of the general solution of u; — u, = 0 and the general solution of
u; + u,, = 0. This is a consequence of the factorization (). See Problem [[9.

(i) We see from () that if g € C¥ and h € C*~1, then u € C¥ but is not

in general smoother. Thus the wave equation does not cause instantaneous
smoothing of the initial data, as does the heat equation.

A reflection method. To illustrate a further application of d’Alembert’s for-
mula, let us next consider this initial/boundary-value problem on the half-line
R, ={x> 0}

utt _uxx =0 in R+ X(O, 00)
9) u=g u;=h onR,x{t=0}
u=20 on {x = 0} X (0, ),

where g, h are given, with g(0) = h(0) = 0.
We convert (§) into the form (§) by extending u, g, h to all of R by odd
reflection. That is, we set

) {u(x, ) (x>0, t>0)
i(x,t) :=
—u(—x,t) (x<0,t>0),
200 = {g(x) (x 2 0)
—g(=x) (x<0),
RO {h(x) (x> 0)
—h(—x) (x<0).
Then (0) becomes
Ty = Ty in R x (0, o)

=g d,=h onRx{t=0}
Hence d’Alembert’s formula (B) implies

X+t
) = 3ler 0+ g =01+ 3 [ o).

Recalling the definitions of i, &, i above, we can transform this expression to
read forx > 0,¢t > 0:

1 px+t .
[gx+t)+glx—1)]+ Efx—t h(y)dy ifx>t>0

X+t

[gCx+ D) — gt = 0] +3 /77, W) dy ifo<x<t

If h = 0, we can understand formula ([L0) as saying that an initial displace-
ment g splits into two parts, one moving to the right with speed one and the

1
(10) u(x,t) = F
2
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other to the left with speed one. The latter then reflects off the point x = 0,
where the vibrating string is held fixed.

Note that our solution does not belong to C2, unless g”(0) = 0.

b. Spherical means. Now suppose n > 2, m > 2, and u € C"(R" X [0, =0))
solves the initial-value problem

Uy —Au=0 inR" x(0,0)

(11)
u=g, u;=h onR"Xx{t=0}

We intend to derive an explicit formula for u in terms of g, h. The plan will be
to study first the average of u over certain spheres. These averages, taken as
functions of the time ¢ and the radius r, turn out to solve the Euler-Poisson-
Darboux equation, a PDE which we can for odd n convert into the ordinary one-
dimensional wave equation. Applying d’Alembert’s formula, or more precisely
its variant (L), eventually leads us to a formula for the solution.

NOTATION.
(i) Letx € R", t > 0, r > 0. Define
(12) U(x;r,t) == ][ u(y,t)dS(y),
8B(x,r)
the average of u(-, t) over the sphere dB(x,r).

(ii) Similarly,

(13) {G(X? 1) = f3pcer 80) dSG)
H(X;1) = f3py ) () dS().

For fixed x, we hereafter regard U as a function of r and ¢ and discover a
partial differential equation that U solves:

LEMMA 1 (Euler-Poisson-Darboux equation). Fix x € R", and let u satisfy
(L1). Then U € C™(R,. X [0, )) and
-1 ;
(14) Utt_Urr_nTUr:O in R, % (0, )
U=G, U, =H on R, x{t =0}
The partial differential equation in ([[4) is the Euler-Poisson-Darboux equa-

tion. (Note that the term U,, + nT_lUr is the radial part of the Laplacian A in
polar coordinates.)
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Proof.

1. As in the proof of Theorem P in §R.2.2 we compute for r > 0

(15) U.(x;r,t) = 1][ Au(y, t) dy.
n B(x,r)

From this equality we deduce lim,_ o+ U.(x;7,t) = 0. We next differentiate
(13), to discover after some computations that

(16) U, (x;r,t) = ][ AudS + (l — 1)][ Audy.
dB(x,r) n B(x,r)

Thus lim,_ o+ U, (x;7,t) = %Au(x, t). Using formula ([16), we can similarly
compute U,,,, etc., and so verify that U € C"™(R,. X [0, 0)).

2. Continuing the calculation above, we see from ([L3) that

)
U, = ;][ wdy by @D
B(x,r)

1 1 f g, dy
na(n) rn-1 Bx.r) e

Thus
1
m-ly, = u; dy,
r nOC(Vl.) B(x’r) tt y
and so
(rn_lljr) = 1 uttdS
r l’lOC(i’l) 8B(x,r)
= r”‘l][ u, dS = r-1u,. O
8B(x,r)

c. Solution for n = 3, 2, Kirchhoff’s and Poisson’s formulas. The plan in
the ensuing subsections will be to transform the Euler—Poisson-Darboux equa-
tion ([4) into the usual one-dimensional wave equation. As the full procedure
is rather complicated, we pause here to handle the simpler cases n = 3, 2, in
that order.

Solution for n = 3. Let us therefore hereafter take n = 3, and suppose u €
C?(R3 x [0, 0)) solves the initial-value problem ([LT)). We recall the definitions
(12), (I3) of U, G, H and then set

17) U:=rU,

(18) G :=rG, H :=rH.
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We now assert that U solves

U;-U,=0 inR, x(0,)
(19) U=G,U,=H onR, x{t=0}
U=0 onf{r=0}x(0,c0).

Indeed
U, =rUy,
—r [Urr + %Ur] by ([4), with n = 3
=rU, +2U, = (U +rU,), = U,.
Notice also that G,,.(0) = 0. Applying formula ([I0) to (I9), we find for 0 < r < ¢

r+t
(20) U(x;r,t) = %[G(r +1) =Gt —-r)]+ % H(y)dy.
—r+t
Since (12) implies u(x, t) = lim,_ ¢+ U(x;r, t), we conclude from ([7), (18), (20)
that

u(x,t) = lim Uxr,0
r—0+ r
i |G+ -Ga-n) | f H(y) dy]
r—0t 2r
= G'(t) + H().
Owing then to (L3), we deduce
(21) u(x,t) = 62 (t][ gdS) + t][ hds.
P\ JaB(x,o 3B(x,t)
But
f o osmasm=f s imase
3B(x,t) 0B(0,1)
and so

g (][ gdS) = ][ Dg(x + tz) - zdS(z)
0t \ Jap(x.t) 3B(0,1)

= ][B Dgy) - (25) dSw).

OB(x,t)
Returning to (21]), we therefore conclude

(22) u(x0) = ][ th(y) + ) + DgB) - (y — x)dS()  (x € R, £ > 0).
OB(x,t)

This is Kirchhoff’s formula for the solution of the initial-value problem (1)) in
three dimensions.
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Solution for n = 2. No transformation like ([[7) works to convert the Euler-
Poisson-Darboux equation into the one-dimensional wave equation when n =
2. Instead we will take the initial-value problem (1)) for n = 2 and simply
regard it as a problem for n = 3, in which the third spatial variable x; does not
appear.

Indeed, assuming u € C%(R? x [0, o)) solves ([[1)) for n = 2, let us write

(23) a(xlaxz’x3’ t) = u(xl’xz’t)'
Then (LT) implies

iy — Al =0 inR3x (0, c0)
(24) o _

=g i, =h onR3x{t=0}
for

8(x1, X2, x3) = g(x1, X2), h(Xy, X5, X3) = h(xy, X;).

Ifwe write x = (x, X,) € R?and X = (x4, x,,0) € R3, then (24) and Kirchhoff’s
formula (in the form (21))) imply

u(x,t) = a(x,t)

25 _ _
25) =3(t][ gdS)+t][ hds,
ot 8B(x,t) dB(x,t)

where B(%,t) denotes the ball in R3 with center %, radius ¢ > 0 and where
dS denotes two-dimensional surface measure on 3B(%, t). We simplify (23) by
observing

1 _
gdS = — / gdsS
]éé(x,z) ATt Jop e

2
= g1 + |IDyy)»)Y* dy,
B(x,t)

where y(y) = (£2—|y—x|?)/2 for y € B(x, t). The factor “2” enters since dB(X, t)
consists of two hemispheres. Observe that (1 + [Dy|*)Y? = t(t> — |y — x|?)~ V2.
Therefore

55— L g(y)
gdS = — f dy
]gB(x,t) 27t Jppy (2 =y — x[2)2

t 8)
=— dy.
2 ]i(x,t) (2 = |y - x|2)1/2
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Consequently formula (23) becomes

— li 2 g(y)
MO = 35 (t Ji(x,t) @ ly—xpe ¥

26
. s )
2 Jpeepy (= ly —x|HV2

But 0 ( )

gV gx+tz

t? ][ dy =t ][ oz,
ey @ =y =2 VT L A=)

and so

9 g(y) )
2(ef )
ot ( By (2 =1y = X172 y
g(x + tZ) f Dg(x + tZ) .z
= ——————dz +t AL
][B(o,l) (@ — |zt By (1= 12112

sv) ][ Dg(y) - (y = %)
= dy +t d
]i(x,t) (t2 - |y - x|2)1/2 y Bxt) (2 — |y _ x|2)1/2 y

Hence we can rewrite (26) and obtain the relation

1 tg) + t*h(y) + tDg(y) - (y — x)
@7 Hee ) = 5J£(x ) ) (t2—y|y—x|g2)1/2 —a

for x € R?, ¢t > 0. This is Poisson’s formula for the solution of the initial-value
problem ([[1)) in two dimensions.

The trick of solving the problem for n = 3 first and then droppington = 2
is the method of descent.

d. Solution for odd n. In this subsection we solve the Euler-Poisson- Dar-
boux PDE for odd n > 3. We first record some technical facts.

LEMMA 2 (Some useful identities). Let ¢ : R — R be Ck*1. Then fork = 1,
2,...

O ()(5) 7 (%90) = (44) (L)
k-1

(ii) (%%) (r*=1¢(r) = Z} Oﬁ] rJ“d ¢(r) where theconstantsﬁj (=
0,..., k —1)areindependent of ¢.

k-1

Furthermore,
(iii) gk =1-3-5--- (2k = 1).

The proof by induction is left as an exercise.

Now assume
n > 3is an odd integer
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and set

n=2k+1 (k1.
Henceforth suppose u € CkK*1(R" x [0, %)) solves the initial-value problem
(TT). Then the function U defined by ([2) is Ck+1.

NOTATION. We write
3 k-1
U(r,t) = (1 i) (r**=1Uu(x;r, 1))

ror
(28) G(r) = (%%)k_l r*=1G(x;r)) (r>0,t>0).
0= (12) (P HGr)
Then
(29) U(r,0) = G(r), U,(r,0) = H(r).

Next we combine Lemma [I] and the identities provided by Lemma [ to
demonstrate that the transformation (2§) of U into U in effect converts the
Euler-Poisson-Darboux equation into the wave equation.

LEMMA 3 (U solves the one-dimensional wave equation). We have
U;-U,=0 inR, x(0,00)
U=G,U0,=H onR,x{t=0}

U=0 on{r=0}x(0,c0).

Proof. Ifr > 0,

(r*U,) by Lemma (i)

T
L

[r2k=1U,, + 2kr?k—2U,]

T
L

S|l S Sk QO
o 2o o

N N N

[er‘l (Urr + n; 1 Ur)] (n=2k+1)

k-1

;5) (r*-1uy) = Uy,

I
—
p—
Q

the next-to-last equality holding according to (14). Using Lemma P(ii) we con-
clude as well that U = 0 on {r = 0}. O

In view of Lemma B, (29), and formula ([L(), we conclude for 0 < r < ¢ that

t+r
(30) 0@, 1) = %[G(r +0=Gt—r]+ % f A(y) dy.
t—r
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But recall u(x, t) = lim,_, U(x;r, t). Furthermore Lemma P(ii) asserts

U(r,t) = ( ) (r*=1U(x;r, 1))

Z rJ“ U(x rt),

and so 3
lim @ =lim U(x;r,t) = u(x,t).
r—0 ‘60}' r—0
Thus (B() implies
u(x,t) = —1 Glt+r) =Gt = r) / H(y) d}’]
0 r—>0 2r
= —k[G’(t) + H(1)].
Bo

Finally then, since n = 2k + 1, (B0) and Lemma P(iii) yield this representa-

tion formula:
r n=3
1 d\[/10) 2
u(x,t) = (—)(——) (t”‘z][ gdS)
[ ot t ot OB(x.t)

(31) ] =
+ (li) (t"‘z][ hds)
t ot AB(x,t)

L where nisoddandy, =1-3-5---(n—2),

forx e R", t > 0.

We note that y; = 1, and so (B1)) agrees for n = 3 with (1) and thus with
Kirchhoff’s formula (2).

It remains to check that formula (B1) really provides a solution of ([LT]).

THEOREM 2 (Solution of wave equation in odd dimensions). Assume n is an

odd integer, n > 3, and suppose also g € C"™*Y(R"), h € C™(R"), for m = "—H

Define u by (B1)). Then
(i) u € C3(R" x [0, 0)),
(i) u;; — Au=0in R" X (0, ), and
(ii) lim  u(x,t) = g(x%, lim u/(x,t) = h(x®) for each point
(x,)=(x%,0) (x,6)—=(x°,0)

xR, t>0 X€ER", t>0
x0 e R™.
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Proof.

1. Suppose first g = 0, so that

n-3
— 1/10)\* n-2 .
(32) et = - (t ar) ("2H(x;1).
Then Lemma P|(i) lets us compute
n-1
1/10\2,  _
utt - E (?a) (tn lHt)

From the calculation in the proof of Theorem P in §P.2.2, we see as well that

H =1 ][ Ahdy.
B(x,t)
Consequently

n-1

1 10 )T f
Uy =————|-= Ahd
7 na(n)y, (t ot ( BGuD) y)

I (1£)T (1 f Ahds)
na(n)y, \t ot t JoBees '
On the other hand,

AH(x;t) = AxJ[ h(x +y)dS(y) = ][ AhdsS.
8B(0,t) 9B(x,t)
Consequently (B2) and the calculations above imply u;; = Au in R" X (0, 00).
A similar computation works if h = 0.

2. Weleave it as an exercise to confirm, using Lemma P(ii)-(iii), that u takes
on the correct initial conditions. O

Remarks.

(i) Notice that to compute u(x, t) we need only have information on g, h
and their derivatives on the sphere 0B(x, t), and not on the entire ball B(x, t).

(ii) Comparing formula (B1)) with d’Alembert’s formula (B) (n = 1), we
observe that the latter does not involve the derivatives of g. This suggests that
for n > 1, a solution of the wave equation (L) need not for times t > 0 be as
smooth as its initial value g: irregularities in g may focus at times ¢t > 0, thereby
causing u to be less regular. (We will see later in §P.4.3 that the “energy norm”
of u does not deteriorate for t > 0.)

(iii) Once again (as in the case n = 1) we see the phenomenon of finite
propagation speed of the initial disturbance.
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(iv) A completely different derivation of formula (BT) (using the heat equa-
tion!) is in §#.3.3.
e. Solution for even n. Assume now
n is an even integer.

Suppose u is a C™ solution of (1), m = nT+2 We want to fashion a representa-

tion formula like (BI) for u. The trick, as above for n = 2, is to note that
(33) U(X1s oo s Xpg1sb) = U(Xy, oo ey Xy t)

solves the wave equation in R"*! x (0, c0), with the initial conditions

=3 i, =h onR"!x{t=0}
where
(34) {g(xl’-“’erl) = g(xl’“-’xn)
h(xl, ey xn+1) = h(xl, ceey xn).

As n + 1 is odd, we may employ (BI) (with n + 1 replacing n) to secure a repre-
sentation formula for i in terms of g, h. But then (B3) and (B4)) yield at once a
formula for u in terms of g, h. This is again the method of descent.

To carry out the details, let us fix x € R"™ ¢t > 0, and write X =
(X15...,%,,0) € R"*1, Then (BI), with n + 1 replacing n, gives

n-2
1 0 (1d)\?2 -
u(x,t) = - (——) (t”‘l ][ g dS)
Yne1 [at £ ot I

+( )2 (t”—l][ deS) ,
0B(x,t)

B(x,t) denoting the ball in R"*! with center X and radius ¢ and dS denoting
n-dimensional surface measure on dB(%, t). Now

_ 1 _
(36) ][ sdS = / 5dS.
B0 § (n+ Da(n + 1)tn 3B(.0) &

Note that dB(x, t)N{y,+1 > 0}is the graph of the function y(y) := (£*—|y—x|*)"/2
for y € B(x,t) C R". Likewise dB(x,t) N {y,4+; < 0} is the graph of —y. Thus
(Bg) implies

(35)

~ | =
2|

G 2
37 odS = 1+ |D 2172 gy,
7 JdB(X,t)g (n+ Da(n + 1)tn L ) g + [Dy(y)[*)/< dy
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the factor “2” entering because dB(%, t) comprises two hemispheres. Note that
(1 + [Dy»)|*)Y? = t(t? — |y — x|?)~V2. Our substituting this into (§7) yields

5dS 2 g(y)
ds = i
]gé(x,o N CERCEE fB(x,t) @=ly—pm

_ 2w ][ 0
T+ Dat+ 1) Jyp, @y =222 Y

We insert this formula and the similar one with h in place of g into (B3) and

find
6(16>T<n][ g(y) )
2(22) 7 (¢ d
3t \7 ot e @ — 1y —xP2

10\ (, h(y)
(731 (t Jim (&2 =y = x[2)12 dy)] |

Since ¥4 = 1-3:-5--(n—1) and a(n) = % we may compute y, =
2:-4.---(n—2)-n.

2
Hence the resulting representation formula for even n is

(oen L[y (1) (i 50)
M =5 [(at)<t %) (t ]}[g(x,t) @—ly—xpz )

(38) 10\T (, h(y)
+<?5) (t ]i(,m @— |y — )2 dy) ’

wherenisevenandy,=2-4---(n—2) - n,

1 2a(n)

U= T Datn 1 D

forx e R", t > 0.
Since y, = 2, this agrees with Poisson’s formula (27) if n = 2.

THEOREM 3 (Solution of wave equation in even dimensions). Assume nisan

even integer, n > 2, and suppose also g € C"*1(R"), h € C"™(R"), form = n+2

Define u by (BS). Then ’
(i) u € C3(R" x [0, 0)),
(i) u; — Au=0in R" x (0, 00), and
(iii)  lim 0 u(x,t) = g(x%, lim  wu(x,t) = h(x°) for each point

(x,6)—>(x°, (x,t)—>(x°,0)
xeR", t>0 xeR", t>0

x°0 e R".
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This follows from Theorem P. Observe, in contrast to formula (BT), that to
compute u(x,t) for even n we need information on u = g, u; = h on all of
B(x,t) and not just on dB(x, t).

Huygens’ principle. Comparing (BT) and (B§), we observe that if n is odd and
n > 3, the data g and h at a given point x € R" affect the solution u only on
the boundary {(y,t) | t > 0, [x —y| = t} of the cone C = {(y,t) | t > O,
|x —y| < t}. On the other hand, if n is even, the data g and h affect u within all
of C. In other words, a “disturbance” originating at x propagates along a sharp
wavefront in odd dimensions, but in even dimensions it continues to have effects
even after the leading edge of the wavefront passes. This is Huygens’ principle.

2.4.2. Nonhomogeneous problem. We next investigate the initial-value
problem for the nonhomogeneous wave equation
Uy — Au = in R" x (0, o0
(39) . f (0. 0)
u=0,u=0 onR"x{t=0}

Motivated by Duhamel’s principle (introduced earlier in §2.3.1)), we define u =
u(x, t; s) to be the solution of

us(+38) — Au(;5) =0 in R" X (s, )
(405) {u(-;s) =0, u,(:;s) = f(-,s) onR" x{t =s}.
Now set
t
(41) u(x,t) = f u(x, t;8)ds (x € R",t > 0).
0

Duhamel’s principle asserts this is a solution of
{utt—Au:f in R" x (0, o)

42
(42) u=0,u;=0 onR"x{t =0}

THEOREM 4 (Solution of nonhomogeneous wave equation). Assume thatn >
2 and f € CI"2H1(R" x [0, 0)). Define u by (&]). Then
(i) u € C3(R" x [0, 00)),
(i) u;; — Au = fin R" X (0, ), and
(iii) lim  u(x,t)=0, lim u(x,t) = 0foreach point x° € R".

(x,6)—(x°,0) (x,)—>(x°,0)
xeR", t>0 xeR", t>0

Proof.

1. If nis odd, [%] +1= "TH According to Theorem B, we have u(-, -;s) €
C?(R" X [s,0)) for each s > 0, and so u € C%(R" X [0,0)). If n is even,

[%] +1= ”T” Hence u € C%(R" X [0, 0)), according to Theorem .
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2. We then compute

t t
u(x,t) = u(x, t;t) + f u;(x,t;8)ds = f u,(x, t;s)ds,
0 0

t t
u(x, t) = u(x, t;t) + f u(x, t;8)ds = f(x,t) + / Uy (x, t;8) ds.
0 0

Furthermore
t t
Au(x,t) = f Au(x,t;s)ds = f us(x, t;5) ds.
0 0
Thus
u’tt(xa t) - Au(x’ t) = f(xa t) (x € Rnat > O)a
and clearly u(x, 0) = u,(x,0) = 0 for x € R". O

The solution of the general nonhomogeneous problem is consequently the
sum of the solution of ([LT)) (given by formulas (§), (BI) or (B8)) and the solution
of (#2) (given by (#1)).

Examples.

(i) Let us work out explicitly how to solve (§2) for n = 1. In this case
d’Alembert’s formula (g) gives

1 X+t—s 1 t X+t—s
u(x,t;s) = E/ f,8)dy, u(x,t) = Ef f f(y,s)dyds.
X—t+s 0 Jx—t+s

That is,

t X+S
(43) u(x,t) = % / f,t—s)dyds (x €R,t>0).
0

X—=S

(ii) For n = 3, Kirchhoff’s formula (22) implies

u(x, t;8) = (t —9) f(y,s)ds,
8B(x,t—s)

U, 1) = / (t_s)(][mt s)f(y,s)ds)
L[ e
OB(x,t—s

_ 1 f / Mder.
4 0 JéB(x,r) r

so that
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Therefore

(44) u(x,t) = i/ fot=ly = x)) dy (x€e€R3 t>0)
A () v —x|

solves (B2) for n = 3. The integrand on the right is called a retarded potential.

2.4.3. Energy methods. The explicit formulas (B1]) and (B§) demonstrate the
necessity of making more and more smoothness assumptions upon the data g
and h to ensure the existence of a C? solution of the wave equation for larger
and larger n. This suggests that perhaps some other way of measuring the size
and smoothness of functions may be more appropriate. Indeed we will see in
this subsection that the wave equation is nicely behaved (for all n) with respect
to certain integral “energy” norms.

a. Uniqueness. Let U C R" be a bounded, open set with a smooth boundary
dU, and as usual set Ur = U X (0, T], Iy = Uy — Ur, where T > 0.

We are interested in the initial/boundary-value problem
Uy —Au=f inUr
(45) u=g only
u;=h onUX{t=0}
THEOREM 5 (Uniqueness for wave equation). There exists at most one func-
tionu € C*(Uy) solving (E3).
Proof. If i is another such solution, then w := u — i solves
wy —Aw =0 inUr
w=0 only
w; =0 onUXx{t=0}

Define the “energy”
1
E(t) == 5_[ w?(x,t) + [Dw(x, t)|?dx (0<t<T).
U
‘We compute

E(t) =/ wtwtt +Dw 'Dwt dx (. = i)
. dt

= f wy(w;; — Aw)dx = 0.
U

There is no boundary term since w = 0, and hence w; = 0,on U X [0, T|. Thus
forall0 <t < T, E(t) = E(0) = 0, and so w;, Dw = 0 within Uy. Since w = 0
on U X {t = 0}, we conclude w = u — @i = 0 in Uy. O
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(x9,tp)

B(xo, to-t)

‘.

-/

Cone of dependence

b. Domain of dependence. Asanother illustration of energy methods, let us
examine again the domain of dependence of solutions to the wave equation in
all of space. For this, suppose u € C? solves

Uy —Au=0 inR" X (0, ).
Fix x, € R", ty > 0 and consider the backwards wave cone with apex (x,, t;)
K(xo,t0) ={(x,1) | 0 <t < g, |x —xo| <o — £}
THEOREM 6 (Finite propagation speed). Ifu = u, = 0 on B(x,, ty) X {t = 0},
then u = 0 within the cone K(x, t,).

In particular, we see that any “disturbance” originating outside B(x, t;)
has no effect on the solution within K(x, ty) and consequently has finite prop-
agation speed. We already know this from the representation formulas (BT
and (B§), at least assuming g = u and h = u, on R" X {t = 0} are sufficiently
smooth. The point is that energy methods provide a much simpler proof.

Proof. Define the local energy

o(t) = W2(x,0) + |Du(x, P dx (0 <t < ty).
2 B(xg,to—t)
0st0
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Then
é(t) = f Uy + Du - Duy dx — E f u? + |Dul?dS
B(xg,t0—t) 0B(xg,t0—t)
= f u;(u;; — Au) dx
(46) B(antO_t) a 1
+f a—“m ds — —/ u? + |Dul? dS
8B(xg,to—t) v 2 0B(xg,to—t)
1 1
= f g—uut — ~u? — =|Dul?ds.
aB(XO,to—t) v 2 2
Now
1, 1, .
(47) ‘a | < lulIDu| < Ju? + 3 |Dup,

by the Cauchy-Schwarz and Cauchy inequalities (§B.2). Inserting (87) into
(#8), we find é(t) < 0;andsoe(t) <e(0) =0forall0 <t < t,. Thusu,, Du=0
and consequently u = 0 within the cone K(x,, t;). O

A generalization of this proof to more complicated geometry appears later,
in §[7.2.4. See also §[12.1 for a similar calculation for a nonlinear wave equation.

2.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless oth-
erwise stated.

1. Write down an explicit formula for a function u solving the initial-value

problem
{ut+b~Du+cu=0 in R" x (0, o)

u=g onR"x{t=0}
Here c € R and b € R" are constants.

2. Prove that Laplace’s equation Au = 0 is rotation invariant; that is, if O is
an orthogonal n X n matrix and we define

v(x) =u(0x) (xeR"),
then Av =0
3. Modify the proof of the mean-value formulas to show for n > 3 that

u(0) = ]gg(o,r)gds—l_—n(n—Z)a(n) /(0 : |x|” pi 2>f X,
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provided
—Au=f inB°0,r)
u=g ondB(0,r).
4. Give a direct proof that ifu € C?>(U) N C(U) is harmonic within a bounded

open set U, then

max u = maxu.
U oU

(Hint: Define u, = u + ¢|x|* for ¢ > 0, and show u, cannot attain its
maximum over U at an interior point.)

We say v € C?(U) is subharmonic if
—Av <0 inU.

(a) Prove for a subharmonic function v that
v(x) < ][ vdy forall B(x,r) Cc U.
B(x,r)

(b) Prove that therefore maxy v = maxgy v if U is bounded.

(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic and
v := ¢(u). Prove v is subharmonic.

(d) Prove v := |Dul|? is subharmonic, whenever u is harmonic.

Let U be a bounded, open subset of R"”. Prove that there exists a constant
C, depending only on U, such that

max |u| < C(max|g| + max
ax Ju < C(max|g| + max| )
whenever u is a smooth solution of
—Au=f inU
u=g onodU.

(Hint: —A(u + %/1) <0, for A := maxy |f]|.)

Use Poisson’s formula for the ball to prove
n_a T—1x| n_a TtI[x]|
———u(0) <u(x) <r"*————u(0
G eyt O = S TGO

whenever u is positive and harmonic in B°(0, r). This is an explicit form of
Harnack’s inequality.

Prove Theorem [13 in §P.2.4. (Hint: Since u = 1 solves (#4) for g = 1, the
theory automatically implies

f K(x,y)dSO) =1
6B(0,1)

for each x € B°(0,1).)
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9. Let u be the solution of
Au=0 inR%}
{ u=g ondR}
given by Poisson’s formula for the half-space. Assume g is bounded and
g(x) = |x| for x € dR%, |x| < 1. Show Du is not bounded near x = 0.
(Hint: Estimate M.)

10. (Reflection principle)
(a) Let U™ denote the open half-ball {x € R" | |x| < 1, x,, > 0}. Assume
u € C2(U+) is harmonic in U*, withu = 0 on U * n {x,, = 0}. Set

u(x) ifx, >0
v(x) =
—u(xy,...,Xp_1,—X,) ifx, <0
for xe U=B°(0,1). Prove v e C?(U) and thus v is harmonic within U.

(b) Now assume only that u € C2(U*)n C(U+). Show that v is harmonic
within U. (Hint: Use Poisson’s formula for the ball.)

11. (Kelvin transform for Laplace’s equation) The Kelvin transform Xu = i of
afunctionu : R" - Ris

a(x) = u(®)X|"? = ulx/|xP)x7" (x#0),

where X = x/|x|%. Show that if u is harmonic, then so is .
(Hint: First show that D, x(D,%x)T = |x|*I. The mapping x — X is
conformal, meaning angle preserving.)

12. Suppose u is smooth and solves u; — Au = 0 in R" X (0, ).
(a) Show uy(x,t) := u(dx, A?t) also solves the heat equation for each 1 €
R.
(b) Use (a) to show v(x, t) := x - Du(x, t) + 2tu,(x, t) solves the heat equa-
tion as well.

13. Assume n = 1 and u(x, t) = v(%).
(a) Show
Up = Uyxy
if and only if
(%) v+ =0 =0.

Show that the general solution of () is

z
v(z) = cf e ds +d.
0
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(b) Differentiate u(x,t) = v(%) with respect to x and select the constant

c properly, to obtain the fundamental solution ® for n = 1. Explain
why this procedure produces the fundamental solution. (Hint: What
is the initial condition for u?)

14. Write down an explicit formula for a solution of
us—Au+cu=f inR"x(0,00)
u=g onR"x{t=0}
where c € R.
15. Given g : [0, ) — R, with g(0) = 0, derive the formula

—x2
u(x,t) = e¥ -9 g(s)ds

X ‘ 1
N _/0 (t — )32
for a solution of the initial/boundary-value problem

Uy — Uy, =0 inR, X (0,0)
u=0 onR, x{t=0}
u=g on{x=0}x][0,00).

(Hint: Let v(x, t) == u(x, t) — g(t) and extend v to {x < 0} by odd reflection.)

16. Give a direct proof that if U is bounded and u € C(Ur) n C(Ur) solves the
heat equation, then

max u = max u.
Ur s

(Hint: Define u, := u—et for ¢ > 0, and show u, cannot attain its maximum
over Ur at a point in Uy.)

17. We say v € CZ(Uy) is a subsolution of the heat equation if
—Av <0 inUy.

(a) Prove for a subsolution v that

2
v(x t) < 4—n [/ (y, S) y)|2 dde
E(x,t;r)

for all E(x, t;r) C Ur.

(b) Prove that therefore maxg, v = maxp_ v

(c) Let ¢ : R — R be smooth and convex. Assume u solves the heat
equation and v := ¢(u). Prove v is a subsolution.

(d) Prove v = |Du|? + u? is a subsolution, whenever u solves the heat
equation.
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18. Assume u solves the initial-value problem
u; —Au=0 inR" X (0, 00)
u=0,u;=h onR"x{t=0}
Show that v := u; solves
v="h,v;,=0 onR"x{t=0}
This is Stokes’ rule.
19. (a) Show the general solution of the PDE u,,, = 0 is

u(x,y) = F(x) + G(y)

for arbitrary functions F, G.

(b) Using the change of variables § = x+t, n = x —t, show u;; —uy, = 0
if and only if ug, = 0.

(c) Use (a) and (b) to rederive d’Alembert’s formula.

(d) Under what conditions on the initial data g, h is the solution u a right-
moving wave? A left-moving wave?

20. Assume that for some attenuation function « = a(r) and delay function
B = B(r) > 0, there exist for all profiles ¢ solutions of the wave equation in
(R™ — {0}) X R having the form

u(x, t) = a(r)g(t — B(r)).

Here r = |x| and we assume 5(0) = 0.

Show that this is possible only if n = 1 or 3, and compute the form of
the functions «, S.

(T. Morley, STAM Review 27 (1985), 69-71)

21. (a) Assume E = (E',E%,E3) and B = (B!, B?, B?) solve Maxwell’s equa-

tions
E; = curl B,
B; = —curlE
divB = divE = 0.
Show

Ett_AEZO, Btt_ABZO
(b) Assume that u = (u!, u?, u?®) solves the evolution equations of linear
elasticity

u, — uAu — (1 + w)D(diva) =0 in R3 x (0, ).

Show w := divu and w := curl u each solve wave equations, but with
differing speeds of propagation.
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22. Let u denote the density of particles moving to the right with speed one
along the real line and let v denote the density of particles moving to the left
with speed one. If at rate d > 0 right-moving particles randomly become
left-moving, and vice versa, we have the system of PDE

u; +u, =dv—u)

U; — Uy =d(u—v).
Show that both w := u and w := v solve the telegraph equation

Wy + 2dw; — Wy, = 0.
23. Let S denote the square lying in R X (0, o) with corners at the points (0, 1),

(1,2),(0,3), (-1, 2). Define

-1 for(x,t)eSn{t>x+2}

fx,t):=41 for(x,t) eSn{t <x+2}
0  otherwise.

Assume u solves

Uy — Uy = [ InRX(0,0)
u=0,u,=0 onRx{t=0}
Describe the shape of u for times ¢ > 3.
(J. G. Kingston, STAM Review 30 (1988), 645-649)

24. (Equipartition of energy) Let u solve the initial-value problem for the wave
equation in one dimension:

u”—uxx=0 IHRX(0,00)
u=gu,=h onRXx{t=0}

Suppose g, h have compact support. The kinetic energy is k(t) :=
% J°2 uf(x, t) dx and the potential energy is p(t) = % S5 u2(x, 1) dx. Prove
(a) k(t) + p(t) is constant in ¢,

(b) k(t) = p(¢) for all large enough times ¢.

2.6. REFERENCES

Section 2.2: A good source for more on Laplace’s and Poisson’s equations is
Gilbarg-Trudinger [G-T|, Chapters 2-4]. The proof of analyticity is
from Mikhailov [M]. J. Cooper helped me with Green’s functions.

Section 2.3: See John [J2, Chapter 7] or Friedman [Fr1] for further informa-

tion concerning the heat equation. Theorem [§ is due to N. Watson
(Proc. London Math. Society 26 (1973), 385-417), as is the proof of
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for a vibrating string. The solution of the wave equation presented
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Chapter 3

Nonlinear First-Order
PDE

In this chapter we investigate general nonlinear first-order partial differential
equations of the form
F(Du,u,x) =0,

where x € U and U is an open subset of R". Here
F:R"XRxU - R
is given,and u : U — R is the unknown, u = u(x).
NOTATION. Let us write
F=F(p,z,x) = F(P1s---»Pn>Zs X155 Xp)

€ _ 9

for p e R",z € R, x € U. Thus “p” is the name of the variable for which we
substitute the gradient Du(x), and “z” is the variable for which we substitute
u(x). We also assume hereafter that F is smooth and set

D,F = (F,,.... 5 )

D,F = (B, ....E).

We are concerned with discovering solutions u of the PDE F(Du, u,x) = 0
in U, usually subject to the boundary condition

u=g onl,

where T is some given subset of U and g : ' — R is prescribed.

Nonlinear first-order partial differential equations arise in a variety of phys-
ical theories, primarily in dynamics (to generate canonical transformations),

89
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continuum mechanics (to record conservation of mass, momentum, energy,
etc.) and optics (to describe wavefronts). Although the strong nonlinearity
generally precludes our deriving any simple formulas for solutions, we can,
remarkably, often employ calculus to glean fairly detailed information about
solutions. Such techniques, discussed in §§B.1 and B.Z, are typically only local.
In §§B.3 and B.4 we will for the important cases of Hamilton-Jacobi equations
and conservation laws derive certain global representation formulas for appro-
priately defined weak solutions.

3.1. COMPLETE INTEGRALS, ENVELOPES

3.1.1. Complete integrals. We begin our analysis of the nonlinear first-order
PDE
Y] F(Du,u,x) =0
by describing some simple classes of solutions and then learning how to build
from them more complicated solutions.

Suppose first A C R" is an open set. Assume for each parameter a =
(ay,...,a,) € A we have a C? solution u = u(x; a) of the PDE ([I)).

NOTATION. We write
Ug, Ugqa, -+ Uxua,
(2) (Daus D)%au) = : ’ :

Ua, Uxa, - Uxuan/ pinen)

DEFINITION. A C? function u = u(x; a) is called a complete integral in U X A
provided

6) u(x; a) solves the PDE () for each a € A
and
(ii) rank(Dyu,DZ,u) =n (x € U, a € A).

Interpretation. Condition ([i) ensures u(x; a) “depends on all the n indepen-
dent parameters ay, ..., a,,”. To see this, suppose B C R"~! is open, and for
each b € B assume v = v(x; b) (x € U) is a solution of ([ll). Suppose also there
exists a C! mapping 9 : A — B, = (¥},..., 9" 1), such that

(3) u(x;a) =v(x;$p(a)) (x €U, a€A).

That is, we are supposing the function u(x; a) “really depends only on the n —1
parameters by, ..., b,_;”. But then

n—1
Unia, (650) = D U, (@)Y (@) (1 j=1,...,n).
k=1
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Consequently
k k
n-1 d’ai ¢aL
det(DZ,u) = Z Ux,by, -+ Uxyby, det . = 0,
K15 . kp=1 1,ba;l ¢a:
since for each choice of k;, ..., k, € {1,...,n — 1}, at least two rows in the

corresponding matrix are equal. As

n—1

o, (50) = 3 0, H@WE(@D (=1 m)
a similar argument shows that the determinant of each n X n submatrix of
(D,u, D2,u) equals zero, and thus this matrix has rank strictly less than n.
Example 1. Clairaut’s equation from differential geometry is the PDE
4) x-Du+ f(Du) = u,
where f : R" - R is given. A complete integral is
(5) u(x;a)=a-x+ fla) (xeUl)
for a € R™.
Example 2. The eikonalf! equation from geometric optics is the PDE
(6) |Du| = 1.
A complete integral is
(7) u(x;a,b)=a-x+b (xel)
forx € U, a € B(0,1), b € R.

Example 3. The Hamilton-Jacobi equation from mechanics is in its simplest
form the partial differential equation

(8) u; + HDu) = 0,

where H : R" — R. Here u depends on x = (xy,...,%,) € R?"and t € R.
As before we have set t = x,; and written Du = Dyu = (Uy,,..., Uy, ). A
complete integral is

9) u(x,t;a,b)=a-x—tH(a)+b (xeR", t>0)

where a € R", b € R.

*eikv = image (Greek).
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3.1.2. New solutions from envelopes. We next demonstrate how to build
more complicated solutions of our nonlinear first-order PDE ([ll), solutions
which depend on an arbitrary function of n — 1 variables and not just on n
parameters. We will construct these new solutions as envelopes of complete
integrals or, more generally, of other m-parameter families of solutions.

DEFINITION. Let u = u(x;a) be a C! function of x € U, a € A, where
U c R" and A C R™ are open sets. Consider the vector equation

(10) Dyu(x;a)=0 (x €U, a€ A).

Suppose that we can solve ([I0) for the parameter a as a C* function of x,

(11) a = ¢(x);

thus

(12) Dyu(x;¢(x)) =0 (x € U).
We then call

(13) v(x) = u(x;¢(x)) (x € U)

the envelope of the functions {u(-; a)},ca-

By forming envelopes, we can build new solutions of our nonlinear first-
order partial differential equation:

THEOREM 1 (Construction of new solutions). Suppose for each a € A as
above that u = u(-; a) solves the partial differential equation ()). Assume further
that the envelope v, defined by (12) and ([3) above, exists and is a C! function.
Then v solves () as well.

The envelope v defined above is sometimes called a singular integral of ().

Proof. We have v(x) = u(x;¢(x));andsofori=1,...,n

D, () = 1, (55 () + Y, g, (3, ()%, ()
j=1

= uy, (x; ¢(x)), according to (L2).
Hence for each x € U,

F(Du(x), v(x), x) = F(Du(x; $(x)), u(x; ¢(x)), x) = 0. O

The geometric meaning is that for each x € U, the graph of v is tangent to
the graph of u(-; a) for a = ¢(x). Thus Dv = D,u(-; a) at x, for a = ¢(x).
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Example 4. Consider the PDE
(14) u?(1+ |Duj?) = 1.
A complete integral is
u(x,a)=+(1—|x—aP)? (x—a| <.

‘We compute

F(x—a)
A= Ix—ap)”
provided a = ¢(x) = x. Thus v = +1 are singular integrals of (I4).

=0

Dyu =

To generate still more solutions of the PDE () from a complete integral,
we vary the above construction. Choose any open set A’ ¢ R"~! and any C!
function h : A’ — R, so that the graph of & lies within A. Let us write

a=(a,...,a,) =(ad,a,) fora =(ay,...,a,_,) € R* L

DEFINITION. The general integral (depending on h) is the envelope v’ =
v’ (x) of the functions

u'(x;a)=ulx;a’,h(a’)) (xeU,d eAd),

provided this envelope exists and is C*.

In other words, in computing the envelope we are now restricting only to
parameters a of the form a = (a’, h(a')), for some explicit choice of the function
h. Thus from a complete integral, which depends upon n arbitrary constants
a, ..., a,, we build (whenever the foregoing construction works) a solution
depending on an arbitrary function h of n — 1 variables.

Example 5. Let H(p) = |p|?, h = 0 in Example f above. Then

u'(x,t;a) = x - a— tlal’.
We calculate the envelope by setting D,u’ = x —2ta = 0. Hence a = % and so
xP?_IxP
|Z|:T (XGRn,t>O)
solves the Hamilton-Jacobi equation v} + |Dv’|?> = 0.

X
vVix,t)=x-——t
(x,1) >

Remark. It is tempting to believe that once we can find as above a solution
of () depending on an arbitrary function h, we have found all the solutions of
(). But this need not be so. Suppose our PDE has the structure

F(Du,u,x) = F,(Du,u, x)F,(Du, u, x) = 0.

If u,(x, a) is a complete integral of the PDE F;(Du, u, x) = 0 and we succeed
in finding a general integral corresponding to any function h, we will still have
missed all the solutions of the PDE F,(Du, u, x) = 0.
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3.2. CHARACTERISTICS

3.2.1. Derivation of characteristic ODE. We return to our basic nonlinear
first-order PDE

(1) F(Du,u,x)=0 inU,
subject now to the boundary condition
(2) u=g onT,

where ' C dU and g : T' — R are given. We hereafter suppose that F, g are
smooth functions.

We develop next the method of characteristics, which solves ([ll), (B) by con-
verting the PDE into an appropriate system of ODE. This is the plan. Suppose
u solves ([), () and fix any point x € U. We would like to calculate u(x) by
finding some curve lying within U, connecting x with a point x° € T and along
which we can compute u. Since (@) says u = g on I, we know the value of u at
the one end x°. We hope then to be able to calculate u all along the curve, and
so in particular at x.

Finding the characteristic ODE. How can we choose a path in U so all this
will work? Let us suppose the curve is described parametrically by the func-
tion x(s) = (x!(s),..., x"(s)), the parameter s lying in some subinterval I C R.
Assuming u is a C? solution of (), we define also

(3) z(s) = u(x(s)).

In addition, set

4 p(s) := Du(x(s));

that is, p(s) = (p'(s), ..., p"(s)), where

(3) pi(s) = uy,(x(s)) (i=1,...,n).

So z(-) gives the values of u along the curve and p(-) records the values of the
gradient Du. We must choose the function x(-) in such a way that we can compute

z(-) and p(-).
For this, first differentiate (J):

I y ._d
® )= 35t (O ((=%)

This expression is not too promising, since it involves the second derivatives of
u. On the other hand, we can also differentiate the PDE ([l) with respect to x;:

J

n
(7 Z B, (Du,u, x)uxjxi + F,(Du, u, X)uy, + E, (Du,u, x) = 0.
j=1
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We are able to employ this identity to get rid of the second derivative terms in
(B), provided we first set

®) XI(s) = B, (p(s), 2(s), X(s))  (j = 1L,...,1n).

Assuming now (B) holds, we evaluate ([f) at x = x(s), obtaining thereby from

B), (@) the identity:

n
By, (B(5), 2(5), X(5))tyz, (X(5))

=1

j
+ F5(p(s), 2(5), X(5))p'(s) + B, (p(s), 2(5), X(5)) = 0.
Substitute this expression and (§) into (f):
p'(s) = —F,(p(s), 2(5), X(s))
— B(p(s), 2(s), x(s))p'(s) (i=1,...,n).
Finally we differentiate (B):

9

10) )= D ug, )F(S) = Y pI(S)E, (p(s). 2(s). xX(5)).
j=1 j=1
the second equality holding by (§) and (§).

The characteristic equations. We summarize by rewriting equations (§)-
(LQ) in vector notation:

(@) P(s) = =DyF(p(s), 2(5), X(s)) — Fz(p(s), z(s), X(5))p(s)
(11 () Z(s) = DpF(p(s), z(s), x(5)) - p(s)
(©) x(s) = D,F(p(s), 2(5), X(s)).

Furthermore,

(12) F(p(s), z(s),x(s)) = 0.
These identities hold for s € I.

The important system (1)) of 2n + 1 first-order ODE comprises the char-
acteristic equations of the nonlinear first-order PDE (fl)). The functions p(-) =
(P (), ..., (), z(-), x(-) = (x1(+), ..., x™(-)) are called the characteristics. We
will sometimes refer to x(-) as the projected characteristic: it is the projection
of the full characteristics (p(-), z(-),x(-)) € R2"*! onto the physical region
UcR™

We have proved:

THEOREM 1 (Structure of characteristic ODE). Let u € C*(U) solve the non-
linear, first-order partial differential equation () in U. Assume Xx(-) solves the
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ODE (L1))(c), where p(-) = Du(x(-)), z(-) = u(x(-)). Then p(-) solves the ODE
(II)(a) and z(-) solves the ODE (ILT)(b), for those s such that x(s) € U.

We still need to discover appropriate initial conditions for the system of
ODE ([LT), in order that this theorem be useful. We accomplish this in §3.2.3
below.

Remark. The characteristic ODE are truly remarkable in that they form an
exact system of equations for x(-), z(-) = u(x(-)), and p(-) = Du(x(-)), when-
ever u is a smooth solution of the general nonlinear PDE ([l)). The key step in
the derivation is our setting X = D,F, so that—as explained above—the terms
involving second derivatives drop out. We thereby obtain closure and in par-
ticular are not forced to introduce ODE for the second and higher derivatives
of u.

3.2.2. Examples. Before continuing our investigation of the characteristic
equations ([L1]), we pause to consider some special cases for which the struc-
ture of these equations is especially simple. We illustrate as well how we can
sometimes actually solve the characteristic ODE and thereby explicitly com-
pute solutions of certain first-order PDE, subject to appropriate boundary con-
ditions.

a. Flinear. Consider first the situation that our PDE ([l]) is linear and homo-
geneous and thus has the form

(13) F(Du,u,x) = b(x) - Du(x) + c(x)u(x) =0 (x € U).
Then F(p, z, x) = b(x) - p + c(x)z, and so
D,F = b(x).
In this circumstance equation ([L1])(c) becomes
(14) X(s) = b(x(s)),

an ODE involving only the function x(-). Furthermore equation ([L1])(b) be-
comes

(15) z(s) = b(x(s)) - p(s).
Then equation ([[2) simplifies ([3), yielding
(16) 2(s) = —c(x(5))z(s).

This ODE is linear in z(-), once we know the function x(-) by solving (I4). In
summary,

17) { (@ x(s) = b(x(s))

(b) Z(s) = —c(x(s))z(s)
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comprise the characteristic equations for the linear, first-order PDE ([3). (We
will see later that the equation for p(-) is not needed.)

Example 1. We demonstrate the utility of equations ([L7) by explicitly solving

the problem
(18) {xlux2 — XUy, =u inU
u=g onl,

where U is the quadrant {x; > 0,x, > 0}and T = {x; > 0,x, = 0} C JU.
The PDE in ([[§) is of the form (), for b = (—x,,x;) and ¢ = —1. Thus the
equations ([[7) read

(19)

Accordingly we have
x!(s) = x° cos s, x%(s) = x"sins
{ z(s) = z%° = g(xY)e’,
where x° > 0,0 < s < % Fix a point (x;, x,) € U. We select s > 0, x° > 0 so
that (x1, x5) = (x'(s), x%(s)) = (x° coss, x° sin s). Thatis, x° = (x? +x3)!/2, s =
arctan(ﬁ—j). Therefore

u(x) = (el (), 6%(s)) = 2(s) = 80" = g + B2,
b. F quasilinear. The partial differential equation () is quasilinear should it
have the form
(20) F(Du,u,x) = b(x,u(x)) - Du(x) + c(x,u(x)) = 0.
In this circumstance F(p, z, x) = b(x, z) - p + c(x, z), whence
D,F = b(x, z).
Hence equation ([[1))(c) reads
X(s) = b(x(s), z(s)),
and (LT)(b) becomes
Z(s) = b(x(s), z(s)) - p(s) = —c(x(s), z(s)), by (1.

Consequently

(@) %(s) = b(x(s), z(s))

(b) Z(s) = —c(x(s), z(5))

are the characteristic equations for the quasilinear first-order PDE (20). (Once
again we do not require the equation for p(-).)

(21)
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Example 2. The characteristic ODE (R1)) are in general difficult to solve, and
so we work out in this example the simpler case of a boundary-value problem
for a semilinear PDE:
U, +u, =u’ inU

(22) { X1 X2

u=g onl.
Now U is the half-space {x, > 0} and ' = {x, = 0} = 0U. Here b = (1,1) and
¢ = —z%. Then (21]) becomes

Consequently

x'(s)=x+s, x*(s)=s
° __8(x%
sz0 1 —sg(x0)’

2(s) = —=

where x° € R, s > 0, provided the denominator is not zero.
Fix a point (x1,x,) € U. We select s > 0 and x° € R so that (x;,x,) =
(x1(s), x2(s)) = (x° + s, 5); that is, x° = x; — x,, s = x,. Then
gx%) gl —xp)
1—5g(x%)  1—2x8(x; — x;)
This solution of course makes sense only if 1 — x,g(x; — x,) # 0.

u(x) = u(x'(s), x*(s)) = z(s) =

c. F fully nonlinear. In the general case, we must integrate the full charac-
teristic equations ([LT), if possible.
Example 3. Consider the fully nonlinear problem

Uy Uy, =u inU

2

23
(23) u=x5 onl,

where U = {x; > 0},T = {x; = 0} = oU. Here F(p, z, x) = p; p, — 2, and hence
the characteristic ODE ([LT)) become
pl = pt, p? = p?
z=2plp?
Xl = p?, % = pl.
We integrate these equations to find
x!'(s) = p3(e* — 1), x*(s) = x° + pY(e* — 1)
z(s) = z° + pYp3(e* — 1)
p'(s) = pie’, p*(s) = p3e’,
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2
where x° € R, s € R, and z° = (x°)".

We must determine p® = (p{, p9). Since u = x5 on T, p = u,,(0,x°) =
2x°. Furthermore the PDE u, u, = uitself implies p{p) = z° = (x°)?, and so

0
pd = x? Consequently the formulas above become

x1(s) = 2x%(e* — 1), x%(s) = %O(es +1)
z(s) = (x°)%e*
0
pl(s) = 5 e5, p*(s) = 2x05.

Fix a point (x;,x,) € U. Select s and x° so that (x1,x;) = (x'(s), x%(s)) =

0 —
(2x°(e* —1), >-(¢° +1)). This equality implies x° = %, e = Zgjﬁj ; and so
(xl + 4x2)2

u(x) = u(x'(s), x4(s)) = z(s) = (x°)%e> = =

3.2.3. Boundary conditions. We return now to developing the general the-
ory and intend in the section following to invoke the characteristic ODE ([L1)
actually to solve the boundary-value problem ([Il), (2), at least in a small region
near an appropriate portion I'" of dU.

a. Straightening the boundary. To simplify subsequent calculations, it is
convenient first to change variables, so as to “flatten out” part of the boundary
0U. To accomplish this, we first fix any point xX° € dU. Then utilizing the
notation from §C.1, we find smooth mappings ®, ¥ : R" — R" such that
Y = ¢! and ® straightens out AU near x°. (See the illustration in §[C.1.)

Given any function u : U — R, let us write V := ®(U) and set

(24) v(y) =u(¥@y) eV
Then
(25) u(x) = v(®(x)) (xe ).

Now suppose that u is a C! solution of our boundary-value problem ([), () in
U. What PDE does v then satisfy in V?

According to (3), we see

() = 3 0, (@)D () (= 1,....n);
k=1

that is,
Du(x) = Dv(y)D®(x).
Thus () implies

(26) F(Du(y)D2(¥(y)), v(y), ¥(¥)) = F(Du(x), u(x), x) = 0.
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This is an expression having the form

G(Dv(y),v(y),y) =0 inV.
In addition v = h on A, where A := ®(T') and h(y) = g(P(y)).
In summary, our problem (fll), (F) transforms to read
{G(Dv, v,y)=0 inV

27
@7 v="h onA,

for G, h as above. The point is that if we change variables to straighten out the
boundary near x°, the boundary-value problem ([l}), (B) converts into a problem
having the same form.

b. Compatibility conditions on boundary data. In view of the foregoing
computations, if we are given a point x° € T, we may as well assume from the
outset that T is flat near x°, lying in the plane {x, = 0}.

We intend now to utilize the characteristic ODE to construct a solution ([l]),
(@), at least near x°, and for this we must discover appropriate initial conditions

(28) p(0) = p°, z(0) = z°, x(0) = x°.
Now clearly if the curve x(-) passes through x°, we should insist that
(29) z9 = g(x9).

What should we require concerning p(0) = p°? Since (B) implies u(x,...,
Xp—1,0) = g(x1,...,x,_1) near x°, we may differentiate to find

Uy, (x%) =g, (x°) (i=1,....,n-1).

As we also want the PDE ([l to hold, we should therefore insist p° =(p?, ..., p%)
satisfies these relations:
p? = gxi(xo) (l = 1,...,1’1— 1)
(30)
F(po’ ZO: xO) = 0'

These identities provide n equations for the n quantities p® = (p?,..., p9).

We call (29) and (B0) the compatibility conditions. A triple (p°, z°%, x°) €
R2"+1 verifying (29), (B0) is admissible. Note z° is uniquely determined by the
boundary condition and our choice of the point x°, but a vector p° satisfying
(BO) may not exist or may not be unique.

c. Noncharacteristic boundary data. So now assume as above that x° € T,
that I' near x° lies in the plane {x,, = 0}, and that the triple (p°, z°, x°) is ad-
missible. We are planning to construct a solution u of ([), (2) in U near x° by
integrating the characteristic ODE ([[T]). So far we have ascertained x(0) = x°,
2(0) = z°, p(0) = p° are appropriate boundary conditions for the characteris-
tic ODE, with x(-) intersecting I" at x°. But we will need in fact to solve these



3.2. Characteristics 101

ODE for nearby initial points as well and must consequently now ask if we can
somehow appropriately perturb (p°, z°, x°), keeping the compatibility condi-
tions.

In other words, given a point y = (y1,...,y,-1,0) € T, with y close to x°,
we intend to solve the characteristic ODE

(@) P(s) = —DxF(p(s), z(s), x(s)) — E(p(5), 2(s), X(5))p(5)
(31) (b) 2(s) = D,F(p(s), z(s), X(s)) - p(s)
©) X(S) = DpF(p(s)’ z(s), X(S))’

with the initial conditions

(32) p(0) = q(y), 2(0) = g(y), x(0) = y.
Our task then is to find a function q(-) = (¢*(*), ..., ¢"*(+)), so that
(33) q(x°) = p°

and (q(y), g(»),y) is admissible; that is, the compatibility conditions
ql(y) = gxl(y) (i=1,..,n-1)
F(q).g),y) =0

hold for all y € T close to x°.

(34)

LEMMA 1 (Noncharacteristic boundary conditions). There exists a unique so-
lution q(-) of (B3), (B4) for all y € T sufficiently close to x°, provided

(35) B, (p°% 2% x°) #0.

We say the admissible triple (p°,z°, x°) is noncharacteristic if (33) holds.
We henceforth assume this condition.

Proof. Our problem is to find q"(y) so that

F(q(»),g(y),y) =0,

where q'(y) = gy, (y) fori = 1,..., n — 1. Since F(p°,z° x°) = 0, the Implicit
Function Theorem (§[C.7) implies we can indeed locally and uniquely solve for
q"(y), provided that the noncharacteristic condition (B3) is valid. O

General noncharacteristic condition. IfT is not flat near x°, the condition
that I be noncharacteristic reads

(36) DpF(pO’ZOsxo) : v(xo) #0,

»(x°) denoting the outward unit normal to AU at x°. See Problem [7.



102 3. Nonlinear First-Order PDE

3.2.4. Local solution. Remember that our aim is to use the characteristic
ODE to build a solution u of (), (2), at least near I'. So as before we select
a point x° € T and, as shown in §B.2.3, may as well assume that near x° the
surface T is flat, lying in the plane {x,, = 0}. Suppose further that (p°, z°, x°) is
an admissible triple of boundary data, which is noncharacteristic. According to
Lemma [[ there is a function q(-) so that p® = q(x°) and the triple (q(y), 2(»), y)
is admissible, for all y sufficiently close to x°.

Given any such pointy = (y;,...,¥,_1,0), we solve the characteristic ODE
(BT, subject to initial conditions (B2).
NOTATION. Let us write
p(s) = p(y,8) = PO1---» Yn-1,5)
z(s) = z(y,s) = 2(y1--+» Yn-1,5)
x(s) = x(y,5) = X(y1---> Yn-1,5)
to display the dependence of the solution of (B1)), (B2) on s and y. Also, we will

henceforth when convenient regard x° as lying in R"~!,

LEMMA 2 (Local invertibility). Assume we have the noncharacteristic condi-
tion F, (p°,z°,x%) # 0. Then there exist an open interval I C R containing 0,
a neighborhood W of x° in T ¢ R"™!, and a neighborhood V of x° in R", such
that for each x € V there exist unique s € I, y € W such that

x = x(y, 5).
The mappings x + s,y are C2.

Proof. We have x(x°,0) = x°. Consequently the Inverse Function Theorem
(§[C.8) gives the result, provided det Dx(x°, 0) # 0. Now

x(»,0) =0 (yeTD)
andsoifi=1,...,n—1,
aij (j=1,...,l’l—1)
0 (j=n).

Furthermore equation (BI))(c) implies

x},(x°,0) =

x3(x°,0) = B, (p°,2° x°).

Thus
1 0 E (p%2z%x°)
Dx(x°,0) = ; ;
X(x2,0) = [ 1 : ,
0 ,0 40
0 0 E (p°z°,x") xn
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whence det Dx(x%,0) # 0 follows from the noncharacteristic condition (83).
O

In view of Lemma [ for each x € V, we can locally uniquely solve the
equation

(37) {x =x(y,5),

for y = y(x), s = s(x).
Finally, let us define
) {u(x) = 2(y(x).5(x)
p(x) = p(y(x), 5(x))
for x € V and s, y as in (B7).

We come finally to our principal assertion, namely, that we can locally
weave together the solutions of the characteristic ODE into a solution of the
PDE.

THEOREM 2 (Local Existence Theorem). The function u defined above is C?
and solves the PDE

F(Du(x),u(x),x) =0 (x €V),
with the boundary condition

u(x)=g(x) (xernVv).

Proof.
1. First of all, fix y € T close to x° and, as above, solve the characteristic
ODE (B1), (B2) for p(s) = p(y: 5), z(s) = z(y, ), and x(s) = X(y, 5).
2. We assert that if y € T is sufficiently close to x°, then
(39) f(y.5) = F(p(y,5), 2(y, ), %(y,5)) =0 (s € D).
To see this, note

(40) f,0) = F(p(y,0), z(y,0), x(y, 0)) = F(q(), &), y) = 0,
by the compatibility condition (B4). Furthermore

n n
[O.8) = 2 B p + Bz + ) F i
j=1 j=1

n
(-E, —Ep) +E(), K, p)
i1

n
+ Z:l E K, according to (BI)
J:
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This calculation and (B() prove (B9).
3. In view of Lemma P and (B7)-(B9), we have

F(p(x),u(x),x)=0 (x€V).
To conclude, we must therefore show
(41) p(x) = Du(x) (xeV).

In order to prove (B1), let us first demonstrate for s € I, y € W that

(42) Zs(y’ s) = Z pj(y’ S)xg(ya s)
j=1
and
43) 2,(0.9) = 2. P (,8) (=1,...,n—1).
j=1

These formulas are obviously consistent with the equality (#1]) and will later
help us prove it. The identity (#2) results at once from the characteristic ODE
(BI)(b),(c). To establish (#3), fixy € I',i € {1,...,n — 1}, and set

(44) r(s) = 2, (1, 5) — > pI(3,8)x3,(3, 9).
j=1

We first note r'(0) = 8, (V) — q'(y) = 0 according to the compatibility condition
(B4). In addition, we can compute

n
(45) fi(s) = Zy;s — Z pﬁx{’i + pfxf,is.
Jj=1
To simplify this expression, let us first differentiate the identity (§2) with re-
spect to y;:

(46) Zsy; = p{;ixi + pjx£y,--

n
j=1
Substituting (4€) into (#3), we discover

n n
(47) F(s) = ) pyXs — pixy, = ), puby, — (—F, — Ep))xy,,
Jj=1 Jj=1
according to (BI)(a). Now differentiate (B9) with respect to y;:

n
J Jo—
B, py, + F;zy, + Z K xy, = 0.
1 j=1

n
]:
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We employ this identity in (47), thereby obtaining
n
(48) #(s) = B( 2, p/x3, — zy,) = —Er(s).
j=1

Hence ri(-) solves the linear ODE (fg), with the initial condition r/(0) = 0.
Consequently ri(s) =0 (s € I,i = 1, ..., n — 1), and so identity (#3) is verified.
4. We finally employ (#2), (#3) in proving (#1)). Indeed, if j =1, ..., n,

n-—1

qu =ZSSXj+ Zz ly.lxj bY()

i=1

n-1 n
pixkse + 3, > bRl vk, by 8, @
i=1 k=1

Il
M=

x~
I
—

Il
NIE

n—1
i=1

x~
1l
—

Il
M=

n
prxk =3 p*8p = p.
k=1

=~
1l
—_

This assertion at last establishes (41]) and so finishes up the proof. O

3.2.5. Applications. We turn now to various special cases, to see how the lo-
cal existence theory simplifies in these circumstances.

a. Flinear. Recall that a linear, homogeneous, first-order PDE has the form
(49) F(Du,u,x) = b(x) - Du(x) + c(x)u(x) =0 (x € U).

Our noncharacteristic assumption (B§) at a point x° € T as above becomes
(50) b(x?) - »(x°) # 0

and thus does not involve z° or p° at all. Furthermore if we specify the bound-
ary condition

(51) u=g onT,

we can uniquely solve equation (B4) for q(y) if y € I' is near x°. Thus we can
apply the Local Existence Theorem P to construct a unique solution of (49),
(B1)) in some neighborhood V containing x°. Note carefully that although we
have utilized the full characteristic equations (B1)) in the proof of Theorem J,
once we know the solution exists, we can use the reduced equations ([7) (which
do not involve p(-)) to compute the solution. Observe also that the projected
characteristics x(-) emanating from distinct points on I" cannot cross, owing to
uniqueness of solutions of the initial-value problem for the ODE (17)(a).
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Example 4. Suppose the trajectories of the ODE
(52) X(s) = b(x(s))

are as drawn for Case 1. We are thus assuming the vector field b vanishes within
U only at one point, which we will take to be the origin 0, and b - » < 0 on
I':=9U.

Case 1: flow to an attracting point

Can we solve the linear boundary-value problem
{b -Du=0 inU

u=g onl?

(53)

Invoking Theorem [, we see that there exists a unique solution u defined near
I" and indeed that u(x(s)) = u(x(0)) = g(x°) for each solution of the ODE (52),
with the initial condition x(0) = x° € TI'. However, this solution cannot be
smoothly continued to all of U (unless g is constant): any smooth solution of
(B3) is constant on trajectories of (57) and thus takes on different values near
x=0.

But now suppose the trajectories of the ODE (52) look like the illustration
for Case 2. We are assuming that each trajectory of the ODE (except those
through the characteristic points A, B) enters U precisely once, somewhere
through the set

I:=={xedU|b(x) »(x)<0},
and exits U precisely once. In this circumstance we can find a smooth solution
of (53) by setting u to be constant along each flow line.

Assume finally the flow looks like Case 3. We can now define u to be con-
stant along trajectories, but then u will be discontinuous (unless g(B) = g(D)).
Note that the point D is characteristic and that the local existence theory fails
near D.
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Case 2: flow across a domain

Case 3: flow with characteristic points

b. F quasilinear. Should F be quasilinear, the PDE ([I]) is
(54) F(Du,u,x) = b(x,u) - Du+ c(x,u) = 0.
The noncharacteristic assumption (Bg) at a point x° € T reads b(x?,z°) -
»(x%) # 0, where z = g(x°). As in the preceding example, if we specify the

boundary condition

(55) u=g onl,
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we can uniquely solve the equations (B4) for q(y) if y € T near x°. Thus Theo-
rem [ yields the existence of a unique solution of (54), (53) in some neighbor-
hood V of x°. We can compute this solution in V using the reduced character-
istic equations (1)), which do not explicitly involve p(-).

In contrast to the linear case, however, it is possible that the projected char-
acteristics emanating from distinct points in I’ may intersect outside V; such an
occurrence usually signals the failure of our local solution to exist within all of
U.

Example 5 (Characteristics for conservation laws). As an instance of a quasi-
linear first-order PDE, we turn now to the scalar conservation law
G(Du,u;,u, x,t) = u; + divF(u)
(56) =u;+F'(u)-Du=0
in U = R" x (0, o0), subject to the initial condition
(57) u=g onl=R"x{t=0}
Here F : R —» R", F = (F,...,F"), and, as usual, we have set t = x,,,;. Also,

“div” denotes the divergence with respect to the spatial variables (x,...,X,),
and Du = Dyu = (uy,, ..., Uy, )-

Since the direction ¢t = x,,,; plays a special role, we appropriately modify

our notation. Writing now q = (p, pp4+1) and y = (x, t), we have

G(q’ Z,Y) = Pn+1t+ F'(z)- b,
and consequently

D,G = (F'(2),1), D,G =0, G, =F"(2) - p.

Clearly the noncharacteristic condition (B3) is satisfied at each point y° =
(x°,0) € I'. Furthermore equation (21)(a) becomes

xXi(s) = F'(z(s)) (i=1,...,n)

(58) x"(s) = 1.

Hence x"*1(s) = s, in agreement with our having written x,,,; = t above. In
other words, we can identify the parameter s with the time ¢.

Equation (RT)(b) reads z(s) = 0. Consequently

(59) z(s) = 2° = g(x°);
and (B8) implies
(60) x(s) = F'(g(x%))s + x°.

Thus the projected characteristic y(s) = (x(s), s) = (F'(g(x°))s + x%,5) (s > 0)
is a straight line, along which u is constant.
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Crossing characteristics. But suppose now we apply the same reasoning to
a different initial point z° € T, where g(x°) # g(z°). The projected charac-
teristics may possibly then intersect at some time t > 0. Since Theorem [l tells
us u = g(x°) on the projected characteristic through x° and u = g(z°) on
the projected characteristic through z°, an apparent contradiction arises. The
resolution is that the initial-value problem (56), (57) does not in general have a
smooth solution, existing for all timest > 0.

We will discuss in §B.4 the interesting possibility of extending the local so-
lution (guaranteed to exist for short times by Theorem ) to all times ¢t > 0, as
a kind of “weak” or “generalized” solution.

An implicit formula. We can eliminate s from equations (59), (b0) to derive
an implicit formula for u. Indeed given x € R" and t > 0, we see that since
s =t,

u(x(t), t) = z(t) = gx(t) — tF'(z%) = g(x(t) — tF' (ux(t), 1))).
Hence
(61) u = g(x — tF'(u)).

This implicit formula for u as a function of x and ¢ is a nonlinear analogue of
equation (B) in §2.1. It is easy to check that (1)) does indeed give a solution,
provided

1+ tDg(x —tF'(w))-F"(u) # 0.
In particular if n = 1, we require
1+tg' (x —tF'(w)F"(u) # 0.

Note that if F” > 0, but g’ < 0, then this will definitely be false at some time
t > 0. This failure of the implicit formula (1) reflects also the failure of the
characteristic method.

c. F fully nonlinear. The full characteristic equations can be quite compli-
cated for fully nonlinear first-order PDE, but sometimes a remarkable mathe-
matical structure emerges.

Example 6 (Characteristics for the Hamilton-Jacobi equation). We look now
at the general Hamilton-Jacobi PDE

(62) G(Du,u;,u, x,t) = u; + HDu, x) = 0,

where Du = Dyu = (uy,,...,Uy,). Then writing g = (p, pp4+1), y = (X, 1), we
have

G(q’ Z, Y) = DPn+1 + H(p7 X);
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and so
DyG = (DpH(p, x), 1), DyG = (D H(p, x),0), G, = 0.
Thus equation ([L1))(c) becomes
x1(s) = Hy, (p(s),x(5)) (i=1,...,n)
x"H(s) = 1.

(63) {

In particular we can identify the parameter s with the time t. Equation ([[1))(a)
for the case at hand reads

{ p'(s) = —Hy,(p(s).x(s)) (i=1,...,n)
pri(s) = 0;
the equation ([L1))(b) is
2(s) = DpH(p(s), X(5)) - p(s) + p"*1(s)
= DyH(p(5), x(5)) - p(s) — H(p(s), X(s)).
In summary, the characteristic equations for the Hamilton-Jacobi equation are
(@) p(s) = =D H(p(s), x(s))
(64) (b) z(s) = DpH(p(s), x(s)) - p(s) — H(p(s),%(5))
(©) %(s) = DH(p(s),x(5))
for p(-) = (p'(),-.., p"()), 2(-), and x(-) = (x' ("), ..., X"()).
The first and third of these equalities,
x = D,H(p,x)
P = —D:H(p,x),

are called Hamilton’s equations. We will discuss these ODE and their relation-
ship to the Hamilton-Jacobi equation in much more detail, just below in §B.3.
Observe that the equation for z(+) is trivial, once x(-) and p(-) have been found
by solving Hamilton’s equations.

(65)

As for conservation laws (Example ), the initial-value problem for the
Hamilton-Jacobi equation does not in general have a smooth solution u lasting
for all times ¢ > 0.

3.3. INTRODUCTION TO HAMILTON-JACOBI EQUATIONS

In this section we study in some detail the initial-value problem for the
Hamilton-Jacobi equation:

u; + HDu) =0 in R" X (0, 00)

) u=g onR"x{t =0}



3.3. Introduction to Hamilton-Jacobi Equations 111

Here u : R" X [0,00) — R is the unknown, u = u(x,t), and Du = D,u =
(ty,>---> Uy, ). We are given the Hamiltonian H : R" — R and the initial
function g : R" —» R.

Our goal is to find a formula for an appropriate weak or generalized solu-

tion, existing for all times ¢ > 0, even after the method of characteristics has
failed.

3.3.1. Calculus of variations, Hamilton’s ODE. Remember from §B.2.5
that two of the characteristic equations associated with the Hamilton-Jacobi
PDE

u; + HDu,x) =0
are Hamilton’s ODE

% = D,H(p,x)

p = —D,H(p,x),
which arise in the classical calculus of variations and in mechanics. (Note the
x-dependence in H here.) In this section we recall the derivation of these ODE
from a variational principle. We will then discover in §B.3.2 that this discussion
contains a clue as to how to build a weak solution of the initial-value problem

(m.
a. The calculus of variations. Assume that L : R" X R" — R is a given
smooth function, hereafter called the Lagrangian.

NOTATION. We write
L=L{,x)=Ly,..., Uy, X1,...,X,) (U,x €RM)
and
{DUL = (Ly, -+ Ly,)
D,L=(Ly, - Ly).
Thus in the formula (P) below “v” is the name of the variable for which we
substitute w(s), and “x” is the variable for which we substitute w(s).

Now fix two points x, y € R” and a time ¢t > 0. We introduce then the
action functional

@ Iw()] = fo LW w(e)) ds (= %)

defined for functions w(-) = (w'(-), w?(-),...,w"(-)) belonging to the admissi-
ble class

A ={w € C%([0,t];R") | w(0) = y,w(t) = x}.
Thus a C? curve w(-) lies in A4 if it starts at the point y at time 0 and reaches
the point x at time ¢.



112 3. Nonlinear First-Order PDE

wi(.)

x(.)

A problem in the calculus of variations

A basic problem in the calculus of variations is to find a curve x(-) € A
satisfying

(3) I[x(-)] = min I[w(-)].
w(-)eA

That is, we are asking for a function x(-) which minimizes the functional I[-]
among all admissible candidates w(-) € A.

We assume next that there in fact exists a function x(-) € A satistying our
calculus of variations problem and will deduce some of its properties.

THEOREM 1 (Euler-Lagrange equations). The function x(-) solves the system
of Euler-Lagrange equations

d ) .
(4) T (DyL(%(s),%(5))) + Dy L(k(s),x(s)) =0 (0 <s<t).
This is a vector equation, consisting of n coupled second-order equations.

Proof.

1. Choose a smooth functiony : [0,t] = R" y(:) = '(-),...,y"(")),
satisfying

©) y(0) =y(t) =0,
and define for r € R
(6) w(-) = x() + 7y ().

Then w(-) € A and so
I[x()] < I[w(")].

Thus the real-valued function

i(7) =I[x(-) + ty(")]
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has a minimum at 7 = 0, and consequently
-/ _ r d
) =0 (=),

provided i’(0) exists.

2. We explicitly compute this derivative. Observe

i(c) = f L((s) + T9(5), X(8) + 7y(s)) ds,
0

and so

t n
i'(1) = / DLy X+ 19, x + 7Yyt + Ly, (X + 79, x + Ty)y' ds.
0

i=1
Set 7 = 0 and remember ([}):

t n

0=0'(0)= | > Ly,GX)y +Ly,(%x)y ds.
0 i=1
We recall (B) and then integrate by parts in the first term inside the integral, to

discover
n

t
d . . i
0= Zf [—a (Ly,(%,%)) + Ly, (%,%) | y' ds.
i=170
This identity is valid for all smooth functions y(-) = (y'(-), ..., y"(-)) satisfying
the boundary conditions (§), and so for 0 < s <t
d i N .

oy (Ly, (%) + Ly, (%,x)=0 (i=1,...,n). O
Critical points. We have just demonstrated that any minimizer x(-) € A of
I[-] solves the Euler-Lagrange system of ODE. It is of course possible that a
curve x(-) € A may solve the Euler-Lagrange equations without necessarily
being a minimizer: in this case we say x(-) is a critical point of I[-]. So every
minimizer is a critical point, but a critical point need not be a minimizer.

Example. If L(v,x) = %m|v|2 — ¢(x), where m > 0, the corresponding Euler—
Lagrange equation is

mX(s) = £(x(s))
for f := —D¢. This is Newton’s law for the motion of a particle of mass m mov-

ing in the force field f generated by the potential ¢. (See Feynman-Leighton-
Sands [F-L-S, Chapter 19].)
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b. Hamilton’s equations. We now transform the Euler-Lagrange equations,
a system of n second-order ODE, into Hamilton’s equations, a system of 2 first-
order ODE. We hereafter assume the C? function x(-) is a critical point of the
action functional and thus solves the Euler-Lagrange equations ().

First we set
(8) p(s) == D, L(X(s),x(s)) (0 <s<t);

p(-) is called the generalized momentum corresponding to the position x(-) and
velocity X(-). We next make this important hypothesis:

Suppose for all x, p € R" that the equation
p = D,L(v, x)
can be uniquely solved for v as a smooth

©)

function of p and x, v = v(p, x).

We will examine this assumption in more detail later: see §B3.3.2.
DEFINITION. The Hamiltonian H associated with the Lagrangian L is

H(p,x) = p-v(p,x) —L(v(p,x),x) (p,x €R"),
where the function v(-) is defined implicitly by (9).
Example (continued). The Hamiltonian corresponding to the Lagrangian
L(v,x) = %m|v|2 — P(x) is

H(p,x) = 5 - |pP + $(x)

The Hamiltonian is thus the total energy, the sum of the kinetic and poten-
tial energies (whereas the Lagrangian is the difference between the kinetic and
potential energies).

Next we rewrite the Euler-Lagrange equations in terms of p(-), x(-):

THEOREM 2 (Derivation of Hamilton’s ODE). The functions x(-) and p(-) sat-
isfy Hamilton’s equations:

X(s) = DH(p(s), X(s))

p(s) = =D H(p(s), X(s))

for 0 < s < t. Furthermore,

(10)

the mapping s —» H(p(s),X(s)) is constant.

The equations ([I(J) comprise a coupled system of 2n first-order ODE for
x() = (x'(),....,x"(-)) and p(-) = (p'("), ..., p"(-)) (defined by (§)).
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Proof. First note from (§) and (9) that x(s) = v(p(s), x(s)).

Let us hereafter write v(-) = (v'(-),...,v"(-)). We compute fori =1,...,n
that

n

Hy(p,x) =Y prvk (p,x) — Ly, (V(p, x), x)vk (p, x) — Ly, (V(p, X), X)
k=1

= —L,,(v(p,x),x) according to (B)

and
) n
Hy, (p,x) = vi(p,x) + D prvk.(p, x) = Ly, (v(p, x), X)vk (p, X)
k=1
=v!(p,x), again by ().
Thus

Hy, (B(5), X(5)) = v/ (p(s), X(5)) = %i(5),
and likewise
Hi(p(5), X(9)) = Ly, (V(p(), X)), X(5)) = Ly, (K(8), X(5))
= & (Lo, (K(5), X(5)) according to (&)
— — 5.
Finally, observe
diSH (p.x) = iZ:Hpi(p, x)p' + Hy, (p, X)%’

™=

Hpi (P’ X)(_Hxi (P’ x)) + Hxi (p’ X)Hpi (p’ x) = 0. 0

i=1

See Arnold [Ard, Chapter 9] for more on Hamilton’s ODE and Hamilton—
Jacobi PDE in classical mechanics. We are employing here different notation
than is customary in mechanics: our notation is better overall for PDE theory.

3.3.2. Legendre transform, Hopf-Lax formula. Now let us try to find a
connection between the Hamilton-Jacobi PDE and the calculus of variations
problem (2)-(#). To simplify further, we also drop the x-dependence in the
Hamiltonian, so that afterwards H = H(p). We start by reexamining the defi-
nition of the Hamiltonian in §B.3.1.
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a. Legendre transform. We hereafter suppose the Lagrangian L : R"” — R
satisfies these conditions:

(11) the mapping v — L(v) is convex
and
L(v)
12 - =+
(12 ul=eo |V

The convexity implies L is continuous.
DEFINITION. The Legendre transform of L is
(13) L*(p) = sup{p-v—-L(v)} (p&eR".

vERN

This is also referred to as the Fenchel transform.
Motivation for Legendre transform. Why do we make this definition? For

some insight let us note in view of (I2) that the “sup” in (L[3) is really a “max”;
that is, there exists some v* € R" for which

L'(p) = p-v* = L(v")
and the mapping v » p - v — L(v) has a maximum at v = v*. But then
p = DL(v*), provided L is differentiable at v*. Hence the equation p = DL(v)

is solvable (although perhaps not uniquely) for v in terms of p, v* = v(p).
Therefore

L*(p) = p - v(p) — L(v(p)).
However, this is almost exactly the definition of the Hamiltonian H associated
with L in §B.3.1 (where, recall, we are now assuming the variable x does not
appear). We consequently henceforth write
(14) H=T"

Thus (3) tells us how to obtain the Hamiltonian H from the Lagrangian L.
Now we ask the converse question: given H, how do we compute L?

THEOREM 3 (Convex duality of Hamiltonian and Lagrangian). Assume L sat-
isfies (1)), (I2) and define H by (L3), (14).

(i) Then
the mapping p — H(p) is convex
and
lim Hp) = 400
pl>e [P

(ii) Furthermore

(15) L = H*.
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Thus H is the Legendre transform of L, and vice versa:
L=H*" H=1L".

We say H and L are dual convex functions. The identity (I3) implies that the
three statements

p-v=L(v)+ H(p)
(16) p = DL(v)
v =DH(p)

are equivalent provided H is differentiable at p and L is differentiable at v: see
Problem [ 1.

Proof.

1. For each fixed v, the function p — p-v—L(v)is linear; and consequently
the mapping

p+ H(p)=L*(p) = sup{p-v — L(v)}
veRn
is convex. Indeed, if 0 < 7 < 1, p, p € R", we have
H(zp+ (1 —1)p) =sup{(zp+ (1 —1)p) - v — L(v)}
1]

< zsup{p-v—L(v)}
1)
+ (1 —7)sup{p-v— L(v)}

15}
=tH(p) + (1 — D)H(p).
2. Fixany 1 > 0, p # 0. Then

H(p) = sup{p-v— L(v)}

veRnr
> A|p| - L(Aﬁ) = Aﬁ
> Alp| — él(loaf)L'

Thus lim infy, % > Aforall 1 > 0.
3. In view of (I4)
H(p)+Lv)>p-v

for all p, v € R", and consequently

L(v) 2 sup{p - v —H(p)} = H*(v).

peRrn
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On the other hand
H*(v) = sup{p-v—sup{p-r—L(n}
pER” reRn”
= sup inf{p-(v—r)+ L)}
pER" reRrRn

Now since v — L(v) is convex, according to §B.1 there exists s € R" such that
L(r)>L(v)+s-(r—v) (reR".
(If L is differentiable at g, take s = DL(v).) Putting p = s above, we compute
H*(v) > ilg {s-(v—=r)+L(r)} = L). O
reRn
b. Hopf-Lax formula. Let us now return to the initial-value problem ([) for

the Hamilton-Jacobi equation and recall from (64) in §B.2.3 that the corre-
sponding characteristic equations are

p=0
z=DH(p)-p— H(p)
x = DH(p).

The first and third of these are Hamilton’s ODE, which we in §B.3.1 derived
from a minimization problem for associated Lagrangian L = H*. Remember-
ing (L), we can therefore understand the second of the characteristic equations
as asserting

z=DH(p)-p — H(p) = L(X).
But at least for such short times that (fl)) has a smooth solution u, we have z(t) =
u(x(t), t) and consequently

t
u(x,t) = f L(%(s)) ds + g(x(0)).
0

Our intention is to modify this expression, to make sense even for large times
t > 0 when ([ll) does not have a smooth solution. The variational principle for
the action discussed in §B.3.1] provides the clue. Given x € R" and t > 0,
we therefore propose to minimize among curves w(-) satisfying w(t) = x the
expression

f L(w(s))ds + gw(0)),
0

which is the action augmented with the value of the initial data. We accord-
ingly now define

t
17) u(x,t) = inf{ f L(w(s))ds + g(w(0)) | w(t) = x },
0
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the infimum taken over all C! functions w(-). (Better justification for this guess
will be provided much later, in Chapter [I(.)

We must investigate the sense in which the function u given by (L7) actually

solves the initial-value problem for the Hamilton-Jacobi PDE:
u; + HDu) =0 in R" X (0, 00)
(18) ,
u=g onR"x{t=0}

Recall we are assuming H is smooth,

H is convex and
(19) { lim Ho) _ 400
lpl—co P!
We henceforth suppose also
(20) g : R" - R is Lipschitz continuous;
this means Lip(g) := supx,yern {%} < o0.

X#y
First we note that formula (I7) can be simplified:

THEOREM 4 (Hopf-Lax formula). If x € R" and t > 0, then the solution
u = u(x, t) of the minimization problem ([[7) is

(21) u(x,t) = min {tL( ; ) + g(y)}

yeRn

DEFINITION. We call the expression on the right-hand side of (21) the Hopf-
Lax formula.

Proof.

1. Fix any y € R" and define w(s) := y + %(x —¥) (0 £ 5 <t). Then the
definition (L7) of u implies

t
u(x, 1) < f L(w(s))ds + () = tL (Z2 ) + g0,
0

and so

u(x,t) < 1nf {tL( )+ (y)}

2. On the other hand, if w(') is any C! function satisfying w(t) = x, we

have
( f w(s) ds) f L(w(s))ds

by Jensen’s inequality (§B.1]). Thus if we write y = w(0), we find

t
L (X72) 4500 < [ Lov(s)ds + g0

0
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and consequently

inf {1I (x+y) +80)} < utx, o).

yeERn

3. We have so far shown

u(x,t) = inf {tL( ; )+g(y)}

YeR

and leave it as an exercise to prove that the infimum above is really a minimum.
O

We now commence a study of various properties of the function u defined
by the Hopf-Lax formula (R1). Our ultimate goal is showing this formula
provides a reasonable weak solution of the initial-value problem (II§) for the
Hamilton-Jacobi equation.

First, we record some preliminary observations.

LEMMA 1 (A functional identity). Foreach x € R" and 0 < s < t, we have

(22) u(x, 1) = min {(t - s)L( )+ u(y, s)}

In other words, to compute u(-, t), we can calculate u at time s and then use
u(-, s) as the initial condition on the remaining time interval [s, t].

Proof.

1. Fixy € R",0 < 5 < t and choose z € R" so that
-z
(23) u(y,s) = sL (yT) + g(2).
y

Now since L is convex and # = (1 - %) =y we have
x

L(XZZ)S(l—?)L(tIs)+?L(y§z)-

u(x, t)<tL( )+g(z)<(t—s)L( y)+sL(y )+g(z)
= (t—s)L( y)+u(y,s)

by (3). This inequality is true for each y € R". Therefore, since y — u(y, s)
is continuous (according to the first part of the proof of Lemma [ below), we
have

(24) u(x,t) < }r}reluian {(t - S)L( ) + u(y, s)}
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2. Now choose w such that

x_

(25) uCx, £) = 1L ( w) + g(w),

and set y := 3x + (1 - })w. Then 7= = =2 = X_% Consequently

(t— S)L( ) + u(y,s)
< (=91 (F77) + 5L (F2) + gw)

=tL(

=) + g(w) = u(x, ),
by (B3). Hence

(26) ;n&nn {(t — s)L( y) + u(y, s)} <u(x,t).

O

LEMMA 2 (Lipschitz continuity). The function u is Lipschitz continuous in
R" % [0, ), and

u=g onR"x{t=0}L

Proof.
1. Fixt > 0, x, X € R"™. Choose y € R" such that
(27) tL(Z2) + 80) = ulx. ).
Then
u(x,t) —u(x,t) = m1n{tL< ) + g(z)} ( ;y) —g(y)
<g(X—x+y)—gly) <Lip(g)x - x|.
Hence
u(X, t) — u(x, t) < Lip(g)|% — x[;
and, interchanging the roles of X and x, we find
(28) |u(x, £) — u(%, )] < Lip(g)lx — X|.
2. Now select x € R", t > 0. Choosing y = x in (21)), we discover

(29) u(x,t) < tL(0) + g(x).
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Furthermore,
u(x,1) = min {1 (*7) +20))
> () + min {~ Lip(@)x 3| + 1L (*72)]
= g(x) — tmax{Lip(g)lz| - L(2)} (z = : i %)

= —t ma ma; -z—1L
g(X) weB(O,L)i(p(g)) ze[R)’f{w z (Z)}

=g(x)—t max
g( ) B(0,Lip(g))

This inequality and (R9) imply
|u(x, t) — g(x)| < Ct
for

30 C :=max(|L(0)|, max |H|).
(30) (LO), , max  [H])
3. Finally select x € R", 0 < { < t. Then Lip(u(-,t)) < Lip(g) by (28)
above. Consequently Lemma [ and calculations like those employed in step 2
above imply
[u(x,t) — u(x, )| < C|t — i

for the constant C defined by (BQ). O

Now Rademacher’s Theorem (which we will prove later, in §5.8.3) asserts
that a Lipschitz function is differentiable almost everywhere. Consequently
in view of Lemma P our function u defined by the Hopf-Lax formula (21) is
differentiable for a.e. (x,t) € R" X (0, 00). The next theorem asserts u in fact
solves the Hamilton-Jacobi PDE wherever u is differentiable.

THEOREM 5 (Solving the Hamilton-Jacobi equation). Supposex € R", t > 0,
and u defined by the Hopf-Lax formula (1) is differentiable at a point (x,t) €
R" X (0, ). Then

us(x,t) + H(Du(x,t)) = 0.

Proof.

1. Fixv € R", h > 0. Owing to Lemma [I,

u(x + hv,t + h) = min {hL (M) + u(y, t)}
yeRrn h

< hL(v) + u(x, t).
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Hence
u(x + hu,t + h) —u(x, t)
h

< L(v).
Let h — 0", to compute
v - Du(x,t) + u,(x, t) < L(v).
This inequality is valid for all v € R", and so
(31) u;(x,t) + HDu(x,t)) = u(x,t) + lr)ne%)rf{v - Du(x,t) — L(v)} <0.

The first equality holds since H = L*.
2. Now choose z such that u(x,t) = tL (#) + g(z). Fix h > 0 and set

s=t—h,y=%x+(1—§)z.Then¥=E and thus

u(x,t) —u(y,s) > tL (?) +g(z) - [SL (%) + g(z)]

=(t—s)L(x:Z).

That is,

u(x,t)—u((l—ﬁ)x+ﬁz,t—h) X —z
o 2L():

Let h — 07, to see that

X—2Zz

-Du(x,t) + u;(x,t) > L (x ; Z).
Consequently

uy(x,t) + H(Du(x,t)) = u,(x,t) + iré%)é{v - Du(x,t) — L(v)}

X—z X—z
Zut(x,t)+T-Du(x,t)—L( ; )

> 0.

This inequality and (B1]) complete the proof. O

‘We summarize:

THEOREM 6 (Hopf-Lax formula as solution). The function u defined by the
Hopf-Lax formula (1)) is Lipschitz continuous, is differentiable a.e. in R" X
(0, ), and solves the initial-value problem

u; + HDu) =0 a.e.in R" X (0, 00)

(32) u=g onR"x{t=0}
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3.3.3. Weak solutions, uniqueness.

a. Semiconcavity. Inview of Theorem [ above it may seem reasonable to de-
fine a weak solution of the initial-value problem ([L§) to be a Lipschitz function
which agrees with g on R” x {t = 0} and solves the PDE a.e. on R" X (0, 0).
However this turns out to be an inadequate definition, as such weak solutions
would not in general be unique.

Example. Consider the initial-value problem
U + |u > =0 inR x(0,0)
(33)
u=0 onRXx{t=0}
One obvious solution is
uy(x,t) =0.
However the function
0 if |x| > ¢
Uuy(x,t):==4x—t ifo<x<t
—x—t if—t<x<0
is Lipschitz continuous and also solves the PDE a.e. (everywhere, in fact, except

on the lines x = 0, +¢). It is easy to see that actually there are infinitely many
Lipschitz functions satisfying (B3).

This example shows we must presumably require more of a weak solution
than merely that it satisfy the PDE a.e. We will look to the Hopf-Lax formula
(B1) for a further clue as to what is needed to ensure uniqueness. The following
lemma demonstrates that u inherits a kind of “one-sided” second-derivative
estimate from the initial function g.

LEMMA 3 (Semiconcavity). Suppose there exists a constant C such that
(34) g0x + z) — 2g(x) + g(x — z) < C|z|?
forall x, z € R"™. Define u by the Hopf-Lax formula (21)). Then

u(x + z,t) — 2u(x, t) + u(x — z,t) < C|z|?

forallx,ze R", t > 0.

We say g is semiconcave provided (B4)) holds. It is easy to check that (B4) is
valid if g is C? and supy, [D?g| < oo. Note that g is semiconcave if and only if

the mapping x — g(x) — %|x|2 is concave for some constant C.
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Proof. Choose y € R" so that u(x,t) = tL (?) + g(»). Then, putting y + z
and y — z in the Hopf-Lax formulas for u(x + z,t) and u(x — z, t), we find

u(x + z,t) — 2u(x,t) + u(x — z,t)

xX—-Yy xX—-y
< [tL( ; )+g(y+z)] —Z[tL( ; )+g(y)]
xX—y
+ [tL( ; )+g(y—z)]
=gy +2)-280) +gy—2)
<Clz’, by B9. O
As a semiconcavity condition for u will turn out to be important, we pause
to identify some other circumstances under which it is valid. We will no longer

assume g to be semiconcave but will suppose the Hamiltonian H to be uni-
formly convex.

DEFINITION. A C? convex function H : R" — R is called uniformly convex
(with constant 8 > 0) if

n
(35) > Hyp,(P)Eidy 2 O forall p.¢ € ™.
i,j=1

We now prove that even if g is not semiconcave, the uniform convexity
of H forces u to become semiconcave for times ¢t > 0: this is a kind of mild
regularizing effect for the Hopf-Lax solution of the initial-value problem ([Lg).

LEMMA 4 (Semiconcavity again). Suppose that H is uniformly convex (with
constant 0) and u is defined by the Hopf-Lax formula (R1)). Then

1
u(x + z,t) = 2u(x, t) + u(x — z,t) < §|Z|2
orallx,ze R", t > 0.
J

Proof.

1. A calculation using Taylor’s formula shows that (B3) implies

+ 1 1 C]
(36) H(B2P2) < SH(p) + 5H() - 5lpy - paP-

Next we claim that for the Lagrangian L we have the estimate

U1 + Uy
2

for all vy, v, € R". Verification is left as an exercise.

1 1 1 X
37) SL() + 5L) SL(AT22)+ ofor — v
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2. Now choose y so that u(x,t) = tL (?) + g(¥). Then using the same
value of y in the Hopf-Lax formulas for u(x + z, t) and u(x — z, t), we calculate

u(x + z,t) — 2u(x,t) + u(x — z,t)

< [tL (“%‘y) + g(y)] —2u (Q) +20)|
[ (F=2) + 200

=[5 (F) e () ()

12z 1
<2A— =] = =|z)?
—Ztse‘ t 6t|Z| ’
the next-to-last inequality following from (B7). O

b. Weak solutions, uniqueness. In thissection we show that semiconcavity
conditions of the sorts discovered for the Hopf-Lax solution # in Lemmas § and
can be utilized as uniqueness criteria.

DEFINITION. We say that a Lipschitz continuous function u : R"X[0, o) —
R is a weak solution of the initial-value problem:

(38) u=g onR"x{t=0}

{ut + H(Du) =0 inR" X (0, )
provided

(@) u(x,0) =g(x) (xR,

(b) u;(x,t) + HDu(x,t)) =0 fora.e.(x,t) € R" x(0,00), and
©) u(x+z,t) = 2u(x,t) + u(x — z,t) < C(l + %) |z|?
for some constant C > 0 and all x, z € R, t > 0.

Next we prove that a weak solution of (Bg) is unique, the key point being
that this uniqueness assertion follows from the inequality condition (c).

THEOREM 7 (Uniqueness of weak solutions). Assume H is C? and satisfies
(19) and g satisfies (RQ). Then there exists at most one weak solution of the initial-
value problem (B3).

Proof™.

1. Suppose that u and @ are two weak solutions of (B§) and write w := u—1ii.

*Omit on first reading.
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Observe now that at any point (y, s) where both u and # are differentiable
and solve our PDE, we have

wt(y’ S) = ut(y’ S) - ﬁt(y’ S)
= _H(Du(y’ S)) + H(Dﬂ()’a S))
1

=— / iH(rDu(y, s) + (1 —r)Dii(y, s)) dr
b dr

1
= —f DH(rDu(y, s) + (1 — r)Di(y, s)) dr - (Du(y, s) — Dii(y, s))
0
= —b(y,s) - Dw(y, s).
Consequently
(39) w;,+b-Dw=0 ae.

2. Write v := ¢p(w) > 0, where ¢ : R — [0, 00) is a smooth function to be
selected later. We multiply (B9) by ¢'(w) to discover

(40) v;+b-Dv=0 ae.

3. Now choose ¢ > 0 and define u® := 7, * u, @i := 1, * i, where 7, is the
standard mollifier in the x and ¢ variables. Then according to §C.3

(41) |Duf| < Lip(u), |Duf| < Lip (@),
and
(42) Duf® - Du, Dii* - Dii a.e., ase — 0.

Furthermore inequality (c) in the definition of weak solution implies
1
(43) D*ut,D%iif < C (1 + E)I

for an appropriate constant C and all € > 0, y € R", s > 2¢. Verification is left
as an exercise.

4. Write
1
(44) b.(y,s) = f DH(rDuf(y, s) + (1 — r)Dii*(y, s)) dr.
0
Then (40) becomes
U;+b.-Dv=(b.—b)-Dv ae;
hence

(45) v; + div(vb,) = (divb,)v + (b, —b) - Dv  a.e.
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5. Now

1 n
divb, = D Hy,p, (rDuf + (1 — r)DEE)(rus, , + (1 — )i, ) dr
(46) 0 kl=1

sc(1+1)
S

for some constant C, in view of (1)), (3). Here we note that H convex implies
D?H > 0.

6. Fix x, € R", t, > 0, and set
(47) R := max{|DH(p)| | |p| < max(Lip(w), Lip(@)) }.
Define also the cone
C:={(x,1)]0 <t <to|x—xo| <R(ty— 1) }.
Next write

e(t) = / v(x,t)dx
B(xo,R(to—1))

and compute for a.e. t > 0:

é(t):f vtdx—Rf vdS
B(x0,R(to—1)) 0B(xo,R(to—1))
= f —div(vb,) + (divb,)v + (b, — b) - Dvdx
B(x0,R(to—1))
—-R f vdS by @3)
8B(xg,R(ty—t))

=—/ v(b; - v+ R)dS
0B(xg,R(to—t))

+ f (divb,)v + (b, —b) - Dvdx
B(xg,R(to—t))
< f (divb,)v + (b —b) - Dvdx by (#1), (B4)
B(x0,R(to—1))

gc(1+1)e(t)+f (b, —b) - Dvdx
t B(xo,R(to—1))

by (B€). The last term on the right-hand side goes to zeroas¢ — 0, fora.e.t > 0,
according to (#1), (2) and the Dominated Convergence Theorem. Thus

(48) éet)y<cC (1 + %) e(t) fora.e 0<t<ty,.
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7. Fix 0 < € < r < ty and choose the function ¢(z) to equal zero if
|z| < ¢e[Lip(w) + Lip(@0)]

and to be positive otherwise. Since u = @ on R” X {t = 0},

v=¢(w)=¢p(u—u)=0 at{t=ce}
Thus e(¢) = 0. Consequently Gronwall’s inequality (§B.2) and (4§) imply

e(r) < e(z)ef; C(1+5)ds — g,
Hence
|u — i < ¢[Lip(u) + Lip(&#)] on B(xq, R(ty —1)).

This inequality is valid for all € > 0, and so u = i in B(x, R(ty —r)). Therefore,

in particular, u(x, ty) = @(xg, ty). O

In light of Lemmas J,  and Theorem [, we have

THEOREM 8 (Hopf-Lax formula as weak solution). Suppose H is C? and sat-
isfies (19) and g satisfies (RQ). If either g is semiconcave or H is uniformly convex,
then

u(x,t) = min {tL (x+y) + g(y)}

yeRn

is the unique weak solution of the initial-value problem (B8) for the Hamilton—
Jacobi equation.

Examples.

(i) Consider the initial-value problem:
1
49) u; + E|Du|2 =0 inR"x(0,00)
u=|x|] onR"x{t=0}

Here H(p) = %|p|2 and so L(v) = %|v|2. The Hopf-Lax formula for the unique,
weak solution of (#9) is

e
(50) u(x,t)—;relg,g{ TR E

Assume |x| > t. Then

Ix =y _y=x .,y ,
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and this expression equals zero if x = y + ﬁt, y = (x| = t)% # 0. Thus

u(x,t) = |x| — % if |x| > t. If |x| < t, the minimum in (50) is attained at y = 0.
Consequently
|x| —¢t/2 if|x| >t

u(x,t) = { 2
’ x| ;
St lf|X| S t.

Observe that the solution becomes semiconcave at times ¢ > 0, even though
the initial function g(x) = |x| is not semiconcave. This accords with Lemma #.

(ii) We next examine the problem with reversed initial conditions:

1
u, + =|Dul> =0 in R" x (0, o
u=—|x| onR"x{t=0}
Then
- lx =y
1) = — —ylt.
u(x, 1) £${ % [yl
Now

[x =y _y=x_y

and this equals zero if x = y — ﬁt, y = (x| + t)IXTI' Thus

t
u(x,t) = —|x| — 3 (xeR", t>0).

The initial function g(x) = —|x| is semiconcave, and the solution remains so
for times ¢t > 0.

In Chapter [[J we will again study Hamilton-Jacobi PDE and discover an-
other and better notion of weak solution, applicable even if H is not convex.

3.4. INTRODUCTION TO CONSERVATION LAWS

In this section we investigate the initial-value problem for scalar conservation
laws in one space dimension:

u; + F(u), =0 inR X (0, )
¢

u=g onRXx{t=0}

Here F : R > Randg : R - Raregivenand u : R X [0,00) — R is the
unknown, u = u(x, t). As noted in §B.2, the method of characteristics demon-
strates that there does not in general exist a smooth solution of ([, existing for
all times ¢t > 0. By analogy with the developments in §B.3.3, we therefore look
for some sort of weak or generalized solution.
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3.4.1. Shocks, entropy condition.

a. Integral solutions; Rankine-Hugoniot condition. We open our discus-
sion by noting that since we cannot in general find a smooth solution of (), we
must devise some way to interpret a less regular function u as somehow “solv-
ing” this initial-value problem. But as it stands, the PDE does not even make
sense unless u is differentiable. However, observe that if we temporarily as-
sume u is smooth, we can as follows rewrite, so that the resulting expression
does not directly involve the derivatives of u. The idea is to multiply the PDE in
(M) by a smooth function v and then to integrate by parts, thereby transferring
the derivatives onto v.

More precisely, assume
2) U : RX[0,00) — R is smooth, with compact support.

We call v a test function. Now multiply the PDE u; + F(u), = 0 by v and
integrate by parts:

O—f f (u; + F(u),) vdxdt
f f uv; dxdt—f uvdx|;—g — / f F(uw)v, dxdt.

In view of the initial condition u = g on R X {t = 0}, we thereby obtain the
identity

@) f / uvy + F(u)v, dxdt + f gudx|;—o =0.
0 - —o00

o

We derived this equality supposing u to be a smooth solution of (), but the
resulting formula has meaning even if u is only bounded.

DEFINITION. We say that u € L*(R X (0, o)) is an integral solution of ([I}),
provided equality () holds for each test function v satisfying (2).

Suppose then that we have an integral solution of ([ll). What can we deduce
about this solution from the identities (H)?

We partially answer this question by looking at a situation for which u,
although not continuous, has a particularly simple structure. Let us in fact
suppose in some open region V' C R X (0, o0) that u is smooth on either side of
a smooth curve C. Let V| be that part of V' on the left of the curve and let V. be
that part on the right. We assume that u is an integral solution of ([), and that
u and its first derivatives are uniformly continuous in V; and in V.
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First of all, choose a test function v with compact support in V;. Then (§)
becomes

(5) 0= / f uv; + F(u)v, dxdt = —/ f [u; + F(uw), Jvdxdt,
0 —o 0 —o0

the integration by parts being justified since u is C! in V; and v vanishes near
the boundary of V;. The identity (§) holds for all test functions v with compact
support in V', and so

(6) u,+F(u), =0 inV,.
Likewise,
@) u;+F(u), =0 inV.

Jump conditions along shocks. Now select a test function v with compact
support in V, but which does not necessarily vanish along the curve C. Again
employing (#), we deduce

0 =/ / uv; + F(wv, dxdt
0 —00

= f/ uv; + F(u)v, dxdt + [/ uv; + F(u)v, dxdt.
14 v,

Now since v has compact support within V, we have

[/ uv; + F(u)v, dxdt = — [/ [u; + F(u), Judxdt
v 4]

©) + f(ulvz + F(u)vYvdl
c

(®)

= f(ulvz + F(u))vHudl
c

in view of (§). Here v = (¥!,7?) is the unit normal to the curve C, pointing
from V| into V}, and the subscript “I” denotes the limit from the left. Similarly,

(@) implies
ﬂ uv, + F(uw)v, dxdt = — /(urv2 + F(u,)vYHudl,
v, c

the subscript “r” denoting the limit from the right. Adding this identity to (g)
and recalling (B) gives us

f () — Fau)t + (g — 2o dl = 0,
C
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Vi

Rankine-Hugoniot condition

This equality holds for all test functions v as above, and so
(10) (F(w) — Flup))v' + (u; —u,)»* =0 along C.
Now suppose C is represented parametrically as {(x,t) | x = s(t)} for some
smooth function s(:) : [0,00) — R. We can then take » = (»!,7?) = (1 +
§2)712(1, —$). Consequently ([[0) implies
(11) F(u) — F(uy) = $(u; — uy)
in V, along the curve C.
NOTATION.

[ul = w; — u, = jump in u across the curve C

[F)] = F(w) — F(u,) = jump in F(u)

o = § = speed of the curve C.

Let us then rewrite ([LT)) as the identity
(12) [F@)] = olul

along the discontinuity curve. This is the Rankine-Hugoniot condition along
the shock curve C. Observe that the speed o and the values u;, u,, F(y;) and
F(u,) will generally vary along the curve C. The point is that even though these
quantities may change, the expressions [F(u)]| = F(u;) — F(u,) and of[u] =
$(u; — u,) must always exactly balance.
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Example 1 (Shock waves). Let us consider the initial-value problem for Burg-
ers’ equation:

u?
ut+<—> =0 inRXx(0,00)
(13) 2 ),
u=g onRx{t=0}
with the initial data
1 ifx<0
(14) gx)=11—-x ifo<x<1
0 ifx>1.

According to the characteristic equations (cf. §B.2.5) any smooth solution u of
(13), (14) takes the constant value z° = g(x°) along the projected characteristic

y(s) = (g(x®)s + x%,5) (s> 0)
for each x° € R. Thus

1 ifx<tr0<t<1

u(x,t) =45 ift<x<1,0<t<1

0 ifx>1,0<t<1.
Observe that for ¢ > 1 this method breaks down, since the projected character-
istics then cross. So how should we define u for t > 1?
Let us set s(t) = % and write

u(x, 1) o= 1 ifx <s(t)
o if s(t) < x

if t > 1. Now along the curve parameterized by s(-), u; = 1, we have u, = 0,
F(u) = %(ul)2 = % F(u,) = 0. Thus [F(w)] = % = of[u]l, as required by the
Rankine-Hugoniot condition ([[2).

b. Shocks, entropy condition. We try now to solve a similar problem by the
same techniques.

Example 2 (Rarefaction waves and nonphysical shocks). Again consider the
initial-value problem ([[3), for which now we take

0 ifx<o0
15 X) =
(15) 8x) 1 ifx>0.
The method of characteristics this time does not lead to any ambiguity in defin-

ing u but does fail to provide any information within the wedge {0 < x < t}. To
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Formation of a shock

illustrate this lack of knowledge, let us first set

0 ifx<
u’l(x’ t) =
1 ifx>

N~ N~

It is easy to check that the Rankine-Hugoniot condition holds and, indeed,
that u is an integral solution of (13), (I5). However, we can create another
such solution by writing

1 ifx>t
uy(x,t) = % ifo<x<t
0 ifx<o.

The function u,, called a rarefaction wave, is also a continuous integral solution

of (13), (13

Thus we see that integral solutions are not in general unique. Presumably
the class of integral solutions includes various “nonphysical” solutions, which
we want somehow to exclude. Can we find some further criterion which en-
sures uniqueness?

Entropy condition. Let us recall from §B.2.5 that for the general scalar con-
servation law of the form

u; + F(u), =0,
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A “nonphysical” shock

Rarefaction wave

the solution u, whenever smooth, takes the constant value z® = g(x°) along
the projected characteristic

(16) y(s) = (F'(g(x")s + x%,5) (s 0).

Now we know that typically we will encounter the crossing of characteristics,
and resultant discontinuities in the solution, if we move forward in time. How-
ever, we can hope that if we start at some point in R X (0, o) and go backwards
in time along a characteristic, we will not cross any others. In other words, let
us consider the class of, say, piecewise-smooth integral solutions of ([) with
the property that if we move backwards in ¢ along any characteristic, we will
not encounter any lines of discontinuity for u.

So now suppose at some point on a curve C of discontinuities that u has
distinct left and right limits, u; and u,, and that a characteristic from the left
and a characteristic from the right hit C at this point. Then in view of (Lf) we
deduce
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17) F'(u) > o> F'(u,).

These inequalities are called the entropy condition (from a rough analogy with
the thermodynamic principle that physical entropy cannot decrease as time
goes forward). A curve of discontinuity for u is called a shock provided both
the Rankine-Hugoniot identity (I2) and the entropy inequalities ([[7) hold.

Let us further interpret the entropy condition under the additional assump-
tion that

(18) F is uniformly convex.

This means F” > 6 > 0 for some constant 6. Thus in particular F’ is strictly
increasing. Then ([[7) is equivalent to our requiring the inequality

(19) u; > u,
along any shock curve.

Example 3. We again return to Burgers’ equation ([L3), now for the initial func-
tion

0 ifx<o0
(20) g(x)=141 fo<x<1

0 ifx>1.
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For 0 < t < 2, we may combine the analysis in Examples [l and P above to
find

0 ifx<o0
X .
= ifo<x<t
(21) u(x,t)=4{t , (0<t<2).
1 1ft<x<1+§
0 ifx>1+%

For times t > 2, we expect the shock wave parameterized by s(-) to continue,
with u = x/t to the left of s(-), u = 0 to the right. This is compatible with
the entropy condition (19). We calculate the behavior of the shock curve by
applying the Rankine-Hugoniot jump condition (I2). Now

2
=22 prar=3 (). o=s0
along the shock curve for ¢ > 0. Thus ([L2) implies
s(t) = % (t > 2).

Additionally s(2) = 2, and so we can solve this ODE to find s(t) = (2t)"/2
(t > 2). Hence we may augment (21)) by setting

0 ifx<oO
uCe, ) =17 ifo<x< (@)Y (t>2).
0 ifx> (21)2

See the illustration.

3.4.2. Lax-Oleinik formula. We now try to obtain a formula for an appro-
priate weak solution of the initial-value problem ([), assuming as above that
the flux function F is uniformly convex. With no loss of generality we may as
well also take

(22) F(0)=0.
As motivation, suppose now g € L*°(R) and define
X
23 h) = [ g0)dy (xR
0
Recall the Hopf-Lax formula from §B.3 and set
= mi x=y
(24) Mmﬂ_ﬁghd t>+Mw}(xeRt>m
where

(25) L = F*.
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Thus w is the unique, weak solution of this initial-value problem for the

Hamilton-Jacobi equation:
w; + F(w,) =0 inR X (0, 00)
(26)
w=h onRx{t=0}

For the moment assume w is smooth. We now differentiate the PDE and its
initial condition with respect to x, to deduce

Wy + F(wy), =0 in R X (0, 00)
wy=g onRXx{t=0}
Hence if we set u = w,, we discover u solves problem ([I)).

The foregoing computation is only formal, as we know that w defined by
(B4) is not in general smooth. But recall from §B.3 that w is in fact differentiable
a.e. Consequently

27) u(x, £) = % [%E{tL(Q) + h(y)}]

is defined for a.e. (x, t) and is presumably a leading candidate for some sort of
weak solution of the initial-value problem (fl)). Our intention henceforth is to
justify this expectation.

First, we will need to rewrite the expression (27) into a more useful form.

NOTATION. Since F is uniformly convex, F’ is strictly increasing and onto.
Write

(28) G:=(F")"

for the inverse of F'.

THEOREM 1 (Lax-Oleinik formula). Assume F : R — R is smooth and uni-
formly convex and g € L*(R).

(i) For each time t > O, there exists for all but at most countably many
values of x € R a unique point y(x, t) such that

) X—y B x —y(x, t))
min {12 () + hO)} = 1L (—t + h((x, D).
(ii) The mapping x — y(x,t) is nondecreasing.
(iii) For each timet > 0, the function u defined by (R7) is
(29) ux,t) = G (W)
for a.e. x. In particular, formula (29) holds for a.e. (x,t) € R X (0, 00).

DEFINITION. We call equation (29) the Lax-Oleinik formula for the solution
(), where h is defined by (3) and L by (23).
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Proof.

1. First, we note
L(v) = max (vp — F(p)) = vp* — F(p*),
PER

where F'(p*) = v. But then p* = G(v) according to (2§), and so
L(v) = vG(v) — F(G(v)) (veR)

(cf. §B.3.1). In particular, L is C2. Furthermore

(30) L'(v) = G(v) + vG'(v) — F'(G(v))G'(v) = G(v)

by (B8), and L"(v) = G'(v) > 0. This and (22) imply L is nonnegative and
strictly convex.

2. Fixt > 0, x; < x,. As in §B.3 there exists at least one point y; € R such
that

(31) {tL( . y1) + h(yl)} r)l;lei[g{tL (x1 — y) + h(y)}.
‘We next claim
(32) tL(x2;y1)+h(y1)<tL(xz_y)+h(y) ify < y,.

To see this, we calculate x, —y; = 7(q; —y1)+ (1 —=1)(x, —y)and x; — y =

(1 =1)(x; — y1) + 7(x; — y) for

0<7T:= M=)
Xp—=X1+y1—Y

Since L” > 0, we thus have

L(x2;y1)<TL< y1)+(1—r)L<x2_y),
L(xlt_y)<(1—T)L( ty1)+TL<x2t y);

and hence
(33) L(Z) + (P <L (B2 + 1 (22).
Now notice from (BT)) that

tL( ty1)+h(y1)<tL( )+h(y)

We multiply (B3) by ¢, add h(y,) + h(y) to both sides, and add the resulting
expression to the above inequality to obtain (B2).

3. Inview of (B2), in computing the minimum of ¢tL (Q) + h(y) we need
only consider those y > y,, where y; satisfies (B1]). Now for each x € R and
t > 0, define the point y(x, t) to equal the smallest of those points y giving the
minimum of tL( ) + h(y). Then the mapping x — y(x,t) is nondecreasing
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and is thus continuous for all but at most countably many x. At a point x of
continuity of y(-, t), y(x, t) is the unique value of y yielding the minimum.

4. According to the theory developed in §B.3 for each fixed ¢t > 0, the map-
ping

x> wx,t) = 1}1}161n {IL( ) + h(y)}

i (—x M, t)) + h(y(x, 1)

is differentiable a.e. Furthermore the mapping x — y(x,t) is monotone and

consequently differentiable a.e. as well. Thus given t > 0, for a.e. x the map-

pings x — L(%(x’t)) and so also x — h(y(x, t)) are differentiable as well.
Consequently formula (27) becomes

(e = 2 [ (F22ED) 4 o)

(X —y(x,t d
= (222D 0y + S hOG0)
But since y — tL( ) + h(y) has a minimum at y = y(x,t), the mapping
z tL ( x+(2t)) + h(y(z,t)) has a minimum at z = x. Therefore
_Ll (x _y(x’ t)

) ) + O 0) =0,

and hence

u(e,t) = I (%@”)) _ G(X—yt(x,t)),

according to (BQ). O

We now investigate the precise sense in which formula (29) provides us
with a solution of the initial-value problem ([I)).

THEOREM 2 (Lax-Oleinik formula as integral solution). Under the assump-
tions of Theorem [l, the function u defined by (9) is an integral solution of the
initial-value problem ([l)).

Proof. As above, define

w(x, t) = r;un{tL( t ) + h(y)} (xER, t>0).

Then Theorem [ in §B.3.7 tells us w is Lipschitz continuous, is differentiable
for a.e. (x,t), and solves

{wt + F(w,) =0 a.e. inR X (0,c0)

(34) w=h onRXx{t=0}
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Choose any test function v satisfying (B). Multiply the PDE w; + F(w,) = 0 by
v, and integrate over R X (0, 0):

(35) 0= f f [w; + F(w,)] v, dxdt.
0 —00

Observe

f f WL, dxdt = f f wvtxdxdt—f wo,, dx|;=g
0 —o0
f f Wy} dxdt+f WL dX|s=g-

These integrations by parts are valid since the mapping x — w(x, t) is Lipschitz
continuous, and thus absolutely continuous, for each time ¢t > 0. Likewise
t —» w(x,t) is absolutely continuous for each x € R. Now w(x,0) = h(x) =
fox g(y)dy, and so wy(x,0) = g(x) for a.e. x. Consequently

ffwtvxdxdt=f / wxvtdxdt+f gu dx|¢=o-
0 —00 0 —00 —

Substitute this identity into (B3) and recall u = w, a.e., to derive the integral
identity (). O

3.4.3. Weak solutions, uniqueness.

a. Entropy condition revisited. We have already seen in §B.4.1 that integral
solutions of () are not generally unique. Since we believe the Lax—Oleinik for-
mula does in fact provide the “correct” solution of this initial-value problem,
we must see if it satisfies some appropriate form of the entropy condition dis-
cussed in §B.4.1. This is not straightforward, however, since it is not usually
the case that the function u defined by the Lax—Oleinik formula is smooth, or
even piecewise smooth.

We identify now a kind of “one-sided” derivative estimate for the function u
defined by the Lax-Oleinik formula (27). This estimate—which is an analogue
for conservation laws of the semiconcavity estimate from Lemmas 3, ] in §B.3.3
for Hamilton-Jacobi equations—will turn out to be a uniqueness criterion.

LEMMA (A one-sided jump estimate). Under the assumptions of Theorem [,
there exists a constant C such that the function u defined by the Lax-Oleinik for-
mula (R9) satisfies the inequality

C
(36) u(x +z,t) —u(x,t) < <2
forallt >0andx,z€ R, z> 0.

DEFINITION. We call inequality (Bf) the entropy condition.
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It follows from (B€) that for ¢ > 0 the function x ~ u(x,t) — %x is
nonincreasing and consequently has left- and right-hand limits at each point.
Thus also x — u(x,t) has left- and right-hand limits at each point, with
uy(x,t) > u,(x,t). In particular, the original form of the entropy condition

(I9) holds at any point of discontinuity.

Proof. We know from §B.3 that in computing the minimum in (29) we need
only consider those y such that |x—;y' < C for some constant C; verification is
left to the reader. Consequently we may assume, upon redefining G if necessary
off some bounded interval, that G is Lipschitz continuous.

As G = (F")~! and y(-, t) are nondecreasing, we have

u(x, t) = G(W)

> G(x—y(:;+z,t)
G(x+z—y(x+z, t)) B Lip(G)z
t t

) forz>0

v

Lip(G)z
—

=u(x+zt)— O

b. Weak solutions, uniqueness. We now establish the important assertion

that an integral solution which satisfies the entropy condition is unique.

DEFINITION. We say that a function u € L*(RXx(0, o)) is an entropy solution
of the initial-value problem

u; + F(u), =0 in R x (0, 00)
(37)
u=g onRXx{t=0}
provided
() f f uv; + F(u)v, dxdt + / gudx|i—g =0
0 —o0 —0

for all test functions v : R X [0, ) — R with compact support and
1

(ii) u(x +z,t) —u(x,t) < (1 + ?)z

for some constant C > 0 and a.e. x, z € R, t > 0, with z > 0.

THEOREM 3 (Uniqueness of entropy solutions). Assume F is convex and
smooth. Then there exists—up to a set of measure zero—at most one entropy

solution of (B7).
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Proof™.

1. Assume that u and # are two entropy solutions of (B7), and write w :=
u — ii. Observe for any point (x, t) that
1

F(u(x,t)) — F(ii(x,t)) = f %F(ru(x, )+ A —nryi(x,t))dr
0
1

= f F'(ru(x,t) + (1 — r)i(x, ) dr (u(x, t) — ii(x, t))
0
=: b(x, Hw(x, t).

Consequently if v is a test function as above,

0= fo foo(u — v, + [F(u) — F(it)]v, dxdt

=f f w[v; + bu, | dxdt.
0 —00

2. Now take ¢ > 0 and define u® = ), * u, @i° = 5, * i, where 7, is the
standard mollifier in the x and ¢ variables. Then according to §[C.5

(39) 4] < Meellpes 18] < (1|0

(38)

(40) ut ->u, i° > i a.e.,ase— 0.

Furthermore the entropy inequality (ii) implies
(a1) w0, w50 <C(1+7)

for an appropriate constant C and alle > 0, x € R, t > 0.

3. Write
1

b.(x,t) = / F'(rué(x,t) + (1 — r)ic(x, t)) dr.
0

Then (Bg) becomes

42) o= f / w[v; + b.v, | dxdt + f f w[b — b,|v, dxdt.
0 —0o0 0 —0

4. Now select T > 0 and any smooth function 9 : R X (0,T) — R with
compact support. We choose v* to be the solution of the following terminal-
value problem for a linear transport equation:

{vf+b£v§c:¢ inRx(0,T)

(43) v'=0 onRxf{t=T}

*Omit on first reading.
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Let us solve (3) by the method of characteristics. For this, fixx € R,0 <t < T,
and denote by x.(-) the solution of the ODE

Xe(8) = be(x(s),s) (s=1)
(44)
{xz(t) =X,
and set
T
(45) V(x,t) = —f P(x(s),8)ds (x€R,0<t<T).
t

Then vf is smooth and is the unique solution of (#3). Since |b,| is bounded and
¥ has compact support, v¢ has compact support in R X [0, T).

5. We now claim that for each s > 0, there exists a constant C, such that
(46) V]| < C; onRX(s,T).

To prove this, first note that if 0 < s < ¢t < T, then
1

47) bex(x,t) = f F'rut + (1 —nr)a®)(rul + 1 —r)ag)dr < %
0

C
<=
S

by (@), since F is convex.
Next, differentiate the PDE in (43) with respect to x:
(48) U‘ct:x + bsvgcx + bs,xvi = sz-

Now set a(x, t) := e*vé(x, t), for

(49) l=%+1.

Then
a; + b.a, = Aa + eM[vE, + bS]
(50) = Aa+eM[=b U5 + ] by (B
= [1 = b.y]a + eM'y,.

Since v® has compact support, a attains a nonnegative maximum over R X [s, T
at some finite point (x,, ty). If t, = T, then v, = 0. If 0 <t < T, then

a;(xo,tp) <0, ax(xo,to) = 0.
Consequently equation (50) gives
(51) [A—beyla+eMoyp, <0 at(xg, bo).
But since b, , < % and A is given by (#9), inequality (51)) implies
a(xo, to) < —e*oth, < e[|
A similar argument shows

a(xy, 1)) > =M |9y ||
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at any point (x;, t;) where a attains a nonpositive minimum. These two esti-
mates and the definition of a imply (#6).

6. We will need one more inequality, namely

(52) f [vi(x, )| dx < D

for all 0 < t < r and some constant D, provided 7 is small enough.
To prove this, choose 7 > 0 so small that ) = 0 on R X (0,7). Then if
0 <t < 7, we see from (43) that v* is constant along the characteristic curve
x¢(-) (solving (f4)) for t < s < 7. Select any partition x, < x; < --- < xj. Then
Yo <Y1 < <Yn,wherey;:=x{(r) (i=1,...,N) for
{Xf(S) = b(xj(s),s) (t<s<7)
x5 (t) = x;.

As vf is constant along each characteristic curve x;(-), we have

N N
D e, 1) = v (i, O = D 1055, T) = U (pim1, T)] < var v(, 1),
i=1 i=1

“var” denoting variation with respect to x. Taking the supremum over all such
partitions, we find

(o]

/ [%(x, t)| dx = var vé(-,t) < varvé(., 1) = / [v5(x,7)|dx < C,

—0o0
since vf has compact support and estimate (46) is valid for s = 7.

7. Now, at last, we complete the proof by setting v = v in (§2) and substi-
tuting, using (#3):

f f w¢dxdt=/ f w[b, — b]vs dxdt
0 —00 0 —0co
T o0
:f f w[b,; — b]vE dxdt
P e
+f f w[b, — b]vs dxdt
0 -0

= It + Jf.
Then in view of (40), (4€), and the Dominated Convergence Theorem,
E—-0 ase—0

for each 7 > 0. On the other hand, if 0 < 7 < T, we see

[o0]

|[7£| < 7C max f [v%|dx < tC, by (E2).

0<t<7T
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Thus

/fwgbdxdtzo
0 —00

for all smooth functions ¥ as above, and sow =u —ii = 0 a.e. O

3.4.4. Riemann’s problem. The initial-value problem ([[) with the piecewise-

constant initial function
u ifx<o0
u, ifx>0

(53) g(x) = {

is called Riemann’s problem for the scalar conservation law ([). Here the con-
stants u;, u, are the left and right initial states, u; # u,.

We continue to assume F is uniformly convex and C2, and as before we
write G = (F')~L.
THEOREM 4 (Solution of Riemann’s problem).

(1) Ifu; > u,, the unique entropy solution of the Riemann problem ([ll), (53)
is

u if % <o

(54) u(x,t) == X (xER,t>0),
u, ify>0

where

u,—u,
(ii) Ifu; < u,, the unique entropy solution of the Riemann problem ([l), (53)
is
u if + < F'(w)

(56) u(x,0)=1G(3) ifFw)<3<F(u) (x€eER, >0

u fE>Fu)

Shocks and rarefactions. In the first case the states u; and u, are separated
by a shock wave with constant speed o. In the second case the states u; and u,
are separated by a rarefaction wave.

We know from the theory set forth in §§B.4.2-B.4.3 that the Lax—Oleinik
formula must generate these solutions, and it is an interesting exercise to ver-
ify this directly. We will instead construct the functions (54), (56) from first
principles and verify they are in fact entropy solutions. By uniqueness, then,
they must agree with Lax-Oleinik formulas. This is a nice illustration of the
power of the uniqueness assertion, Theorem .
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x=0t

N

u=uj

Shock wave solving Riemann’s problem for u;>u,

Proof.

1. Assume u; > u,. Clearly u defined by (54), (B3) is then an integral so-
lution of our PDE. In particular since o = [F(u)]/[[u]l, the Rankine-Hugoniot
condition holds. Furthermore note

_ Flu) = F(u,) _

Uup
F(u,,)<U—W i F(r)dr<F(ul)

r

in accordance with ([[7). Since u; > u,, the entropy condition holds as well.
Uniqueness follows from Theorem J.

Rarefaction wave solving Riemann’s problem for u;<u,

2. Assume now that u; < u,. We must first check that u defined by (56)
solves the conservation law in the region {F’'(u;) < % < F'(u,)}. To verify this,
let us ask the general question as to when a function u of the form

u(x,t) = v(%)
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solves (fl)). We compute

u; + F(u), = u; + F'(wu,

=-o(3) P (F);

JxXN1r1., X
=v(7)7[Fo-7]
Thus, assuming v’ never vanishes, we find F’ (v(%)) = % Hence

u(x,t) =v(3) = 6(3)

t t

solves the conservation law. Now v(%) = y; provided % = F’'(u;), and similarly
X e X ’
u(7) =u, if 7 =F(u).

As a consequence we see that the rarefaction wave u defined by (5) is con-
tinuous in R X (0, o) and is a solution of the PDE u; + F(u), = 0 in each of
its regions of definition. It is easy to check that u is thus an integral solution
of (), (53). Furthermore, since as noted in §B.4.3 we may as well assume G is
Lipschitz continuous, we have

X+ z) G (f) < Lip(G)z

t t
if F'(ut < x < x+z < F'(u,)t. This inequality implies that u also satisfies the
entropy condition. Uniqueness is once more a consequence of Theorem . [

u(x +z,t) —u(x,t) = G(

3.4.5. Long time behavior.

a. Decay in sup-norm. We now employ the Lax-Oleinik formula (R9) to
study the behavior of our entropy solution u of ([) as t — oo. We assume
below that F is smooth, uniformly convex, F(0) = 0, and g is bounded and
summable.

THEOREM 5 (Asymptotics in L*-norm). Assume L = F* is smooth and uni-
formly convex. There exists a constant C such that

C
(57) [u(x, )] < R

forallx e R, t > 0.
Proof.
1. Set
(58) o :=F'(0);
then
(59) G(o) =0,
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and therefore
(60) L(o) = 0G(0) — F(G(0)) =0, L'(c) = 0.

2. Inview of (b0) and the uniform convexity of L,

B(E2) (2

2 110+ 200 (F42) o (1221

_obxy ot

for some constant 8 > 0. Since h = fox gdy is bounded by M := ||g||11, We see
from (b1)) that

x —y — ot
x—y—otf .

X—Yy
L (222) 4 h) > 6
On the other hand,
tL (M) + h(x — ot) < M.

Thus at the minimizing point y(x, t) we have

6|x — y(x,t) — ot|?

<2M,
t

and so

x —y(x,t) —o‘ < C
— 7 <

(62) |
for some constant C.
3. Butsince G(o) = 0, for any x € R, t > 0 we have

sr=fo(222)

=§G<x_+(x’t)—a+a)—G(a)‘

SmeﬂﬁlﬁﬁQ—]< c

t =

according to (b2). O

Example f in §B.4.1 shows this /2 decay rate to be optimal.
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(pdt) 12

N
e N |
I/ (qdt)1/2

N-wave

b. Decay to N-wave. Estimate (57) asserts that the L*-norm of u goes to zero
ast — oo. On the other hand we note from Example [ in §B.4.1 that the L!-
norm of u need not go to zero; indeed, the integral of u over R is conserved
(Problem [[9). We instead show here that u evolves in I! into a simple shape,
assuming now that

g has compact support.

Given constants p, g, d, o, with p, g > 0, d > 0, we define the corresponding
N-wave to be the function

L(E-0) if—(pd)2 < x - ot < (qdt)"?

0 otherwise.

(63) N(x,t):= {

The constant o is the velocity of the N-wave.
Now define o by (58), set

(64) d = F"(0) > 0,
and also write
y o0
(65) p:=-2 minf gdx, q:= 2maxf gdx.
YER J_ o YER v

Note p, g > 0 and
o) = X
(66) G'(0) = e

THEOREM 6 (Asymptotics in I'-norm). Assume that p, ¢ > 0. Then there
exists a constant C such that

(67) /_‘ |u(-,t) = N(-,t)|dx < tl%

forallt > 0.
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Proof.

1. From estimate (b2) in the proof of Theorem § we have

(x=o)—y(x0[ _ €

(68) t = /27

Now

ML0=GG:¥ﬁQ)
=G<@—a%fﬂmﬂ+a>

(e =5t

'

+OOu—oo—ﬂm0
<<

=G(o) + G’(o)(

t

Consequently (59), (66) and (b§) imply
1(x—0t) =y 1)
d t

2. Since g has compact support, we may assume for some constant R > 0
that g = 0 on R N {|x| > R}. Therefore

(69) ’u(x, ) —

h_ ifx<-R
hey =10

h, ifx>R,

for constants h.. A calculation shows
inh=-F2 -_4
(70) m[énh— > +h_ > +h,.
We next set
— ”—_— A

(71) e=¢(t) = V] (t>0),

the constant A to be selected later.
3. We now claim that if A is sufficiently large, then

(72) u(x,t) =0 for x — ot < —R — (pd(1 + £)t)/?
and
(73) u(x,t)=0 for x — ot > R+ (qd(1 + e)t)V2.

In fact, since (p4) implies
re)= 1,
we deduce from (pQ) and (62) that

(74) tL(x — y(x, t)) _1 |(x = at) — y(x, t)|? Lo

ast — o0.
t d 2t
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Assume now that
(75) x —ot < —R—(pd(1 + ¢)t)V2.
Then h(x — ot) = h_ and so
(L (M) Fh(x—ot) = L)+ h_ = h_.
Now if y(x, t) < —R, then
o (222D 4 ) 2

since L > 0. On the other hand if y(x,t) > —R, we employ (74) and ([70) to
estimate

1|(x=0t) =y, p
d 2t 2

(L (%O”)) +h(y(x.0) > +ho+0(t2)

pd(1 + e)t P _1/2
_Tdt E+I’l_+0(t ) by(@)
A
= gt_l +h_+0(t72) by (7D
2
>h_,

provided A is large enough.
We conclude that (73) forces y(x,t) = x — ot, and so u(x,t) = G(o) = 0.
This establishes assertion (72), and the proof of ([73) is analogous.

4. Next we assert for A and ¢ large enough that
(76) y(x,t) > =R if x — ot = R — (pd(1 — &)t)'/2.

To see this, notice that y(x, t) < —R implies as above that
- t
tL (%(x)) + h(y(x,t)) > h_.

Select now a point z such that h(z) = minh = —% + h_and |z| £ R. Then we
can as before estimate

_ o2
1|(x—ot) —z| —B+h_+0(t‘1/2)

e R I

pd(1 — et D _12
S g 2+h_+o(t )
=_§£l+h_+o(t‘1/2)<h_,

t2

for A large enough. This proves (7€) and a similar argument establishes that

(77) y(x,t) <R if x — ot = —R + (qd(1 — &)t)2.
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5. Remember from the proof of Theorem Il in §B.4.2 that the mapping x —
y(x, t) is nondecreasing. Hence (69), (76) and (77) imply for large ¢ that

{Iu(m)—é(%—o)I <7 it

(78) R—(pd(1—¢e)t)"? < x — ot < =R + (qd(1 — )t)V/2.

According to Theorem [§, we have |u| = O(t~ %) and by definition |[N| = O(t‘é).
1

In addition ([7T)) implies ((1 + €)t)?

(72), (73) and ([79), we estimate

foo |u(x,t) — N(x,t)|dx = O(t—l/Z)’

—t3 = O(1). Using these bounds along with

as asserted. O

Example 3 (continued). Observe that we have p = 0,q =2,0 =0,d = 1in
Example [ of §B.4.1. In this case

I ifo<x< ()2

N(x,t) = { !

0 otherwise,

and so in fact u = N for times ¢t > 2.

We will study systems of conservation laws in Chapter [L1].

3.5. PROBLEMS

In the following exercises, all given functions are assumed smooth, unless oth-
erwise stated.

1. Prove
u(x,t,a,b)=a-x—tH(a)+b (a€R™beR)
is a complete integral of the Hamilton-Jacobi equation
u; + H(Du) = 0.
2. Compute the envelopes of the family of lines
X +a’x,—2a=0 (a€R)
in R? and of the family of planes
2a,%; +2a5%, — X3+ ai +a3 =0 (a;,a, €R)

in R3. Draw pictures illustrating the geometric meaning of the envelopes.



3.5. Problems 155

3. Suppose that the formula G(x,z,a) = 0 implicitly defines the function
z = u(x, a), where x, a € R". Assume further that we can eliminate the
variables a from the identities

G(x,u,a)=0
Gy, (x,u,a) + Gy(x,u,)u,, =0 (i=1,...,n),
to solve for u = u(x).
(a) Find a PDE that u solves if G = Z:lzl a;x? + z3.
(b) What is the PDE characterizing all spheres in R"*! with unit radius
and center in R" x {z = 0}?

4. (a) Write down the characteristic equations for the PDE
(%) u;+b-Du=f inR" x (0, ),

where b € R", f = f(x,1).
(b) Use the characteristic ODE to solve (}) subject to the initial condition
u=g onR"x{t=0}

Make sure your answer agrees with formula (§) in §2.1.2.
5. Solve using characteristics:
(2) Xytty, + Xgihy, = 21, u(xy,1) = g(xy).
(b) x1uy, + 2X5uy, + Uy, = 3u,  u(xy, X3, 0) = g(x1, Xx3).
© uuy, +uy, =1, u(xy,x;) = %xl.
6. Given a smooth vector field b on R”, let x(s) = x(s, x, t) solve the ODE
X=bx) (seR)
x(t) = x.
(a) Define the Jacobian
J(s, x, t) :== det D, x(s, x, t)
and derive Euler’s formula:
J, = (divb(x))J.
(b) Show that
u(x, t) = g(x(0, x, t))J(0, x, t)

solves
u; +div(ub) =0 in R" X (0, o)

u=g onR"x{t=0}

(Hint: Show %(u(x, 5)J)=0.)
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7. Verify assertion (B§) in §B.2.3, that when I is not flat near x°, the nonchar-
acteristic condition is
DyF(p,2°,x%) - v(x) # 0.
8. Confirm that the formulau = g(x—tF'(u)) from §B.2.3 provides an implicit

solution for the conservation law

u; + divF(u) = 0.

9. Consider the problem of minimizing the action jg L(w(s), w(s)) ds over the
new admissible class
A= {w(-) € C*([0,t;R") | w(t) = x },

where we do not require that w(0) = y.
(a) Show that a minimizer x(-) € A solves the Euler-Lagrange equations

& (DLLG(E), X(5)) + DL, X(5) =0 (0 <5< 1),

(b) Prove that
D,L(*(0),x(0)) = 0.

(c) Suppose now that x(-) € A minimizes the modified action

t
/ L(w(s), w(s)) ds + g(w(0).
0

Show that x(+) solves the usual Euler-Lagrange equations and deter-
mine the boundary condition at s = 0.

10. If H : R" — R is convex, we write L = H*.
(a) LetH(p) = %|p|r, for1 < r < 0. Show

1 1 1
L(v) = =|v|°>, where -+ - =1.
s ros

(b) Let H(p) = % ZZ}.ZI a;jp;ipj + Z?Zl b;p;, where A = ((a;))) is a sym-
metric, positive definite matrix, b € R". Compute L(v).

11. Let H : R" — R be convex. We say v belongs to the subdifferential of H at
p, written

v € 6H(p),
if
H(r)>H(p)+v-(r—p) forallreR".

Prove v € dH(p) ifand only if p € 0L(v) if and only if p - v = H(p) + L(v),
where L = H*.
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12.

13.

14.

15.
16.

17.

18.

Assume L, L, : R" - R are convex, smooth and superlinear. Show that
min(L, (v) + L,(v)) = max(—H;(p) — Hy(—p)),
vERN pER”"

where H, = L], H, = L3.
Prove that the Hopf-Lax formula reads
— mi xX—y
u(x,t) = ;relul%nn {tL( " ) + g(y)}
—  mi =y
B yeg%}cl:lRt) {tL( t ) + g(y)}

for R = supg, |DH(Dg)|, H = L*. (This proves finite propagation speed for a
Hamilton-Jacobi PDE with convex Hamiltonian and Lipschitz continuous
initial function g.)

Let E be a closed subset of R"™. Show that if the Hopf-Lax formula could
be applied to the initial-value problem

u; +Dul* =0 in R" X (0, o)
u={:)_°o i;i on R" x {t = 0},
it would give the solution
uCx, 1) = 7 dist(x, EY.
Provide all details for the proof of Lemma [ in §3.3.3.
Assume u!, u? are two solutions of the initial-value problems
ul + HDu') =0  in R" x (0, o)
{ ul=g! onR"x{t=0}@i=1,2),
given by the Hopf-Lax formula. Prove the L*-contraction inequality
sup[u'(, ) — ()] <supg’ — g’ (t>0).

Show that

—2(t+VEx+2) ifax+£2>0

u(x,t) =4 3
0 ifax+t2<0

is an (unbounded) entropy solution of u, + (”;)x =0.

Assume u(x + z) — u(x) < Ez for all z > 0. Let u¢ = 7, * u, and show

u; <E.
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19. Assume F(0) = 0, u is a continuous integral solution of the conservation
law

u=g onRXx{t=0}
and u has compact support in R X [0, T'] for each time T > 0. Prove

fu(-,t)dx=f gdx

20. Compute explicitly the unique entropy solution of

{ut + F(u), =0 inR X (0, )

forallt > 0.

uz
ut+<7> =0 inRXx(0,00)
x

u=g onRXx{t=0}
for
ifx <-—1
if-1<x<0
ifo<x<1
0 ifx>1.

Draw a picture documenting your answer, being sure to illustrate what
happens for all times ¢ > 0.

N O

gx) =
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Chapter 4

Other Ways to
Represent Solutions

This chapter collects together a wide variety of techniques that are sometimes
useful for finding certain more-or-less explicit solutions to various partial dif-
ferential equations, or at least representation formulas for solutions.

4.1. SEPARATION OF VARIABLES

The method of separation of variables tries to construct a solution u to a given
partial differential equation as some sort of combination of functions of fewer
variables. In other words, the idea is to guess that u can be written as, say, a
sum or product of as yet undetermined constituent functions, to plug this guess
into the PDE, and finally to choose the simpler functions to ensure u really is
a solution.

4.1.1. Examples. The separation of variables technique is best understood in
some examples.

Example 1. Let U C R" be a bounded, open set with smooth boundary. We
consider the initial/boundary-value problem for the heat equation

u;—Au=0 inU X (0, )
(1) u=0 ondU X [0, )
u=g onUx{t=0}

159
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where g : U — R is given. We conjecture there exists a solution having the
multiplicative form

2) u(x,t) =v(w(x) (xeU,t>0);

that is, we look for a solution of ([IJ) with the variables x = (x;,...,x,) € U
“separated” from the variable t € [0, T].

Will this work? To find out, we compute

u;(x, t) = v'(Ow(x), Au(x,t) = v(t)Aw(x).

Hence
0 = u,(x,t) — Au(x, t) = v'(Hw(x) — v(t)Aw(x)
if and only if
v'(t)  Aw(x)
® W)~ w)

forall x € U and t > 0 such that w(x), v(t) # 0. Now observe that the left-hand
side of (B) depends only on ¢ and the right-hand side depends only on x. This
is impossible unless each is constant, say

') _ Aw(x)

0 =u= 000 (t=0, xel).
Then
4) v = uv,
(3) Aw = yw.

We must solve these equations for the unknowns w, v and u.

Notice first that if i is known, the solution of (f) is v = de* for an arbitrary
constant d. Consequently we need only investigate equation (B).

We say that 4 is an eigenvalue of the operator —A on U (subject to zero
boundary conditions) provided there exists a function w, not identically equal
to zero, solving

—Aw=Aw inU
w=0 on dU.

The function w is a corresponding eigenfunction. (See Chapter f for the theory
of eigenvalues, eigenfunctions.)

If A is an eigenvalue and w is a related eigenfunction, we set u = —A4 above,
to find

(6) u =de Mw
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solves
u,—Au=0 in U X (0,0)
(7) _
u=0 ondU X [0, ),

with the initial condition u(-,0) = dw. Thus the function u defined by (f)
solves problem ([ll), provided g = dw. More generally, if 1,, ..., 4,, are eigen-
values, wy, ..., w,, are corresponding eigenfunctions, and dj, ..., d,, are con-
stants, then

m
(8) u= Z de~Htw,
k=1

solves ([7), with the initial condition u(-,0) = Zzlzl diwy. If we can find m, w,,
..., etc. such that kazl dyw, = g, we are done.

We can hope to generalize further by trying to find a countable sequence

Ay, ... of eigenvalues with corresponding eigenfunctions w;, ..., so that
(9) Z dkwk =8 inU
k=1
for appropriate constants d, .... Then presumably
(10) u= Z die Ml wy
k=1

will be the solution of the initial-value problem ([I}).

This is an attractive representation formula for the solution, but depends
upon (a) our being able to find eigenvalues, eigenfunctions and constants sat-
isfying (9) and (b) our verifying that the series in ([L0) converges in some appro-
priate sense. We will discuss these matters further in Chapters [, [, within the
context of Galerkin approximations.

Take note that only our solution (f]) is determined by separation of vari-
ables; the more complicated forms (§) and (ld) depend upon the linearity of
the heat equation.

Example 2. Let us next apply the separation of variables technique to discover
a solution of the porous medium equation

(11) u, —A(w’) =0 inR" % (0, ),

where u > 0 and y > 1 is a constant. The expression ([L1)) is a nonlinear diffu-
sion equation, in which the rate of diffusion of some density u depends upon
u itself. This PDE describes flow in porous media, thin-film lubrication, and a
variety of other phenomena.
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As in the previous example, we seek a solution of the form

(12) u(x,t) =v(w(x) (xeR" t>0).
Inserting into ([L1), we discover that
(13) v _ o Aw(x)

oy F T Tw)
for some constant x4 and all x € R", t > 0, such that w(x), v(t) # 0.
We solve the ODE for v and find

v=((1 -yt + ),

for some constant 4, which we will take to be positive. To discover w, we must
then solve the PDE

(14) AwY) = uw.
Let us now guess that
w = |x|%,
for some constant o that must be determined. Then
(15) pw — AW") = plx|* = ay(ay +n = 2)|x|* 2.

So in order that ([[4) hold in R", we should first require that « = ay — 2, and
hence
2
(16) a = m
Returning to ([[3), we see that we must further set
17) u=oaylay +n—2)>0.

In summary then, for each 1 > 0 the function

1
u=((1=yut+ )= |x|*
solves the porous medium equation (L), the parameters «, u defined by ([L6),

(2.

Remark. Observe that since y > 1, this solution blows up for x # 0 as ¢t — ¢,,
fort, = ﬁ Physically, a huge amount of mass “diffuses in from infinity”
in finite time. See §#.2.2 for another, better behaved, solution of the porous
medium equation, and see §0.4.1 for more on blow-up phenomena for nonlin-
ear diffusion equations.

In the previous example separation of variables worked owing to the ho-
mogeneity of the nonlinearity, which is compatible with functions u having
the multiplicative form ([[Z). In other circumstances it is profitable to look for
a solution in which the variables are separated additively:
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Example 3. Let us turn once again to the Hamilton-Jacobi equation
(18) u; + HDu) =0 in R" X (0, 00)
and look for a solution u having the form
u(x,t) = wx)+v(t) (xeR" t>0).
Then
0 = u;(x,t) + HDu(x,t)) = v'(t) + HDw(x))
if and only if
HDw(x)=u=-0({t) (xeR" Ht>0)
for some constant y. Consequently if
HDw)=u
for some u € R, then
u(x,t) =w(x)—ut+b

will for any constant b solve u, + H(Du) = 0. In particular, if we choose w(x) =
a - x for some a € R" and set 4 = H(a), we discover the solution

u=a-x—H(a)t+b
already noted in §B.1.

4.1.2. Application: Turing instability. Separations of variables and eigen-
function expansions, discussed in Example [I] above, are very powerful tools in
both pure and applied mathematics. This section discusses an interesting such
application.

Assume we are given a smooth vector field £ = (f!, f2) on R? for which 0
is an equilibrium:
f(0) = 0.
We are interested in comparing the stability of solutions x = (x!, x?) of the
system of ODE

(19) x=fx) (20)
with solutions u = (u!,u?) of a corresponding reaction-diffusion system of

PDE

u, —AAu=f(u) inU X (0,c0)
(20) {

u=0 on dU X (0, o0)

in some bounded, smooth region U C R2. The matrix

A:<a1 0)
0 a,
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introduces the diffusion constants a,, a, > 0. (See §P.2.1] for more on reaction-
diffusion equations.)

Linearizations, separation of variables. The linearization of ([19) around
the equilibrium solution x = 0 is the linear system of ODE

(21) v=Df0)y (t>0)

where y = (y',y?). The equilibrium x = 0 is asymptotically stable if each
solution y goes to zero as t — oo. This will be so provided the eigenvalues of
the matrix Df(0) have negative real parts.

Similarly, the linearization of (20) around u = 0 is the linear system of PDE
(22) v; — AAv = Df(O)v

for v = (v!, v?). We solve (22) by the separation of variables and subsequent
eigenfunction expansion method introduced in §§.1.1. We therefore write

[c)

(23) vix, 1) = ) s;(Hw;(x)

j=1
for the eigenfunctions {w;};2, for the Laplacian on U with zero boundary con-

ditions: ]
{—ij = /1jwj inU

wj=0 on dU.

The theory of such eigenvalues and eigenfunctions appears in §6.3, where we
will learn in particular that

and also that we can take {w; 72, to be orthonormal in I2(U):

fwiwjdx=5,~j (l,]=1,)
U

Plugging (23) into (22), we deduce that for j =1, ...
(24) S;. = A]S]

for the matrix

The solution v = 0 is stable if and only if each function s; decays to 0 as t — oo.
This occurs provided the eigenvalues of the matrices A; have negative real parts
forj=1,....

We now address the following question: if 0 is an asymptotically stable
equilibrium for the system of ODE ([[9), does it necessarily follow that 0 is an
asymptotically stable equilibrium for the system of PDE (R0)? The perhaps
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surprising answer is “no”. The diffusion terms introduced into the PDE (R0)
can in fact transform a stable point for (I9) into an unstable point for (R0).
This effect is called a Turing instability.

Eigenvalues of Df(0). We investigate this phenomenon by first introducing
explicit conditions on Df(0) that force 0 to be stable for the ODE (9). Let us

hereafter write
_ (10 lez(O)) _ (cx 6)
D0) = (fzi<0> 2o)=\y s)
Then
(26) det(Df(0) — o) = o2 — o(a + 8) + ad — yB.

We require that 0 be a stable equilibrium of Df(0) and thus that the roots oy, o,
of (Rf) have negative real parts. This means

a+d=0,+0,<0
ad —yp = g0, > 0.

(27) {

Notice that these conditions cover both the cases of real eigenvalues o, < 07 <
0 and of complex conjugate eigenvalues o; = b +ic,0, = b —icwith b < 0.

Eigenvalues of A;. We want to see if by adding in diffusion terms a;, a; > 0
we can force the eigenvalues of A; to have positive real parts for some j.

We see from (R3) that

(28) det(A; —ol) = 0® — a(a + 8§ — Aj(a; + ap)) + p(4))
for
(29) p(/l) = /12a1a2 - /1((115 + Clz(x) +ad — ﬁ)/

The roots 03 j and o, ; of the polynomial (2§) satisfy
o,j+ 0y =a+6—4j(a; +a,) <0,

since a + & < 0 according (R7), 4; > 0, a;,a, > 0. Consequently for the case
of complex conjugate roots oy ; = b; + icj,0,j = b; — icj, the real part b;
is negative. In this circumstance solutions s; of the ODE (B4) tend to zero as
t — oo and we have asymptotic stability: this is not what we are looking for.

Loss of stability. Consequently the only way the PDE system (R2) could lose
stability is when we have real roots o, ; < 0y ;. We want to try to select a;, a, >
0 in this case so that o, ; > 0. Let us imagine starting out with a; = a, = 0
and then increasing these diffusion constants until the system (R2) first begins
to lose stability, when o, ; = 0. This happens provided

(30) p(1;) = 0.
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We seek algebraic conditions implying (B(). We may assume without loss
of generality that

(31) §<0.
Then if a, = 0, we would have
p(/1]) = —/1ja15 +ad — ,8}/ >0

according to (27). Thus we must have a, > 0; that is, we must introduce some
diffusion into the second equation of our PDE system (R2)) for the Turing instability
to occur.

Now if & < 0, then (R7) forces
p(A)) = Ajaya; — j(a16 + aa) + (a8 — By) > 0,
and so we cannot achieve (B(). Consequently we must require
(32) a> 0.
We keep (B1)) and (B2) in mind and rewrite the formula p(4;) = 0 to read

ad —yB —9di;a
(33) g, = 1PN
AJ(O( - Ajal)
But then given some 4; > 0, we can easily find a, > 0 and a; > 0 solving (B3).

Notice that if /1j >> 0, we will need to take a; to be small enough to ensure
thata — 1;a; > 0.

Interpretation: activators and inhibitors. The sign conditions

a=f;(0)>0,8=f(0)<0
y=f200)>0,8=f2(0)<0

are consistent with our requirements (27), (B1) and (B2). We may then interpret
u! as the density of a chemical activator and u? as the density of an inhibitor :
since o > 0, the activator by itself would increase; but since 8 < 0, this growth
can be offset by the inhibitor. The signs of y, § imply that the inhibitor increases
only in response to the presence of the activator. Condition (27) means that
activator/inhibitor balance holds for the ODE ([19), at least near the origin.

We have discovered that diffusion effects can upset this equilibrium, pro-
vided a, is sufficiently large and a; sufficiently small. The physical interpre-
tation is that the inhibitor u? diffuses away from any given point more rapidly
than the activator u!, and consequently there may not be enough of the in-
hibitor present to prevent runaway growth of the activator. Such reaction-
diffusion instabilities are sometimes proposed as simple models for biological
pattern formation: see for example Markowich [Mx].
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4.2. SIMILARITY SOLUTIONS

When investigating partial differential equations, it is often profitable to look
for specific solutions u, the form of which reflects various symmetries in the
structure of the PDE. We have already seen this idea in our derivation of the
fundamental solutions for Laplace’s equation and the heat equation in §p.2.1]
and §P.3.1 and our discovery of rarefaction waves for conservation laws in
§B.4.4. Following are some further applications of this important method.

4.2.1. Plane and traveling waves, solitons. Consider first a partial differ-
ential equation involving the two variables x € R, t € R. A solution u of the
form

(1) u(x,t)=v(x—ot) (xeR,teR)

is called a traveling wave (with speed o and profile v). More generally, a solution
u of a PDE in the n + 1 variables x = (xy,...,X,) € R", t € R having the form

2) u(x,t)=v(y-x—oat) (xeR" teR)

is called a plane wave (with wavefront normal to y € R", speed |¥;| and profile
V).

a. Exponential solutions. In view of the Fourier transform (discussed later,
in §@.3.1)), it is particularly enlightening when studying linear partial differen-
tial equations to consider complex-valued plane wave solutions of the form

(3) u(x, 1) = lx=ot),

where o € Cand y = (yy,...,y,) € R", o being the time frequency and {y;}’-,
the wave numbers. We will next substitute trial solutions of the form (§) into
various linear PDE, paying particular attention to the relationship between y
and o = o(y) forced by the structure of the equation.

(i) Heat equation. If u is given by (B), we compute
u; — Au = (—io + [y|»)u = 0,
provided o = —i|y|%. Hence
u= eiy'x_lylzt
solves the heat equation for each y € R"™. Taking real and imaginary parts,
we discover further that e~ cos(y - x) and e=*sin(y - x) are solutions as
well. Notice in this example that since o is purely imaginary, there results a

real, negative exponential term et in the formulas, which corresponds to
damping or dissipation.
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(ii) Wave equation, Klein-Gordon equation. Upon our substituting
(B) into the wave equation, we discover

Uy — Au = (=a?+ |y|Hu =0,
provided o = x|y|. Consequently

u = el(r-xxlylt)

solves the wave equation, as do the pair of functions cos(y - x + |y|t) and sin(y -
x £ |y|t). Since o is real, there are no dissipation effects in these solutions; and
the absolute value of propagation speed % = 1 of each such solution is the
same.

Turning next to the Klein—-Gordon equation
U, — Au+ m?u =0,
our inserting (B) yields
Uy —Au+mPu=(—a?+ |y +m>u=0

1
for o = +(|y|*+m?)2. However notice now that the speed ﬁ of propagation de-

pends nonlinearly upon the frequency of the initial value e?¥, the slower oscil-
lating solutions traveling faster. That waves of different frequencies propagate
at different speeds means that the Klein-Gordon equation creates dispersion.

(iii) Other dispersive equations. Putting u=e!(V*~9% into Schridinger’s

equation
iU, +Au=0,
we compute
iu, +Au=(o—|yPHu=0
when ¢ = |y|. Therefore
u= ei(y'x_|y|2t)’

and so this solution displays dispersion.

For a final example of a dispersive PDE, let n = 1 and substitute u =
e!x=91) into Airy’s equation

U + Uyy = 0.

‘We calculate
U + Uy = —i(0+ yHu =0,

whenever o = —y3.
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Phase and group velocities. For a general dispersive linear PDE with con-
stant coefficients, we can in principle compute as above o = g(y). We some-

times refer to 2% as the phase velocity of the exponential plane-wave solution

¥l
(B): this is the speed of propagation in the direction of the unit vector ﬁ

However, we will see in §#.3.1] that we can often use the Fourier transform
to write more general solutions of our PDE as a linear superposition of such
exponential plane-wave solutions:

u(x, 1) = f 5= q(y) dy
Rn

for some appropriate function a. To understand the speed of propagation of
u, let us consider the limit t — oo, while the ratio v := % is held fixed. We
will learn later in §f£.5.3 on stationary phase that the main contribution to the
integral

f ei(y'x_a(y)t)a(y) dy = f eit(y'v_a(y))a(y) dy
R7 Rn
occurs for wave numbers y for which Do(y) = v. For this reason, we call Do(y)

the group velocity.

b. Solitons. We consider next the Korteweg-de Vries (KdV) equation in the
form

(4) U; + 6uly, + Uy, =0 in R X (0, 00),

this nonlinear dispersive equation being a model for surface waves in water.
We seek a traveling wave solution having the structure

(5) u(x,t)=v(x—ot) (xeR,t>0).
Then u solves the KdV equation (), provided v satisfies the ODE

(6) —ov + 6V +0" =0 (’ = %)

We integrate () by first noting

(7) —ov+ 30+ V" =q,

a denoting some constant. Multiply this equality by v’ to obtain

—ovv’ + 302V + V"V = av’,

and so deduce
(') 3,0 9
®) o=+ Svtav+b

where b is another arbitrary constant.

We investigate (8) by looking now only for solutions v which satisfy v, v’,
V" — 0as s — *oo (in which case the function u having the form (J§) is called
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a solitary wave). Then ([7), (§) imply a = b = 0. Equation (§) thereupon sim-
plifies to read
W?_ L .o
B =0 (—U + E) .

Hence v’ = +v(c — 20v)1/2.
We take the minus sign above for computational convenience and obtain
then this implicit formula for v:

v(s) dz
9 = — - ,
©) S /1 z(o — 2z)1/2 +e

for some constant c. Now substitute z = %sech2 f. It follows that Z—g =

2 1/2 _ 32 2 -
—osech” 8tanh 6 and z(o — 2z)"/* = = sech 0 tanh 6. Hence () becomes

(10) s=ie+c,

\/E

where 6 is implicitly given by the relation
(11) % sech’ 0 = v(s).

We lastly combine ([I() and ([L1]), to compute

u(s) = %sechz(@(s - c)) (s € R).

Conversely, it is routine to check that v so defined actually solves the ODE (f).
The upshot is that

o]
u(x,t) = %sechz(g(x — ot — c)) (xeR,t>0)
is a solution of the KdV equation for each ¢ € R, o > 0. A solution of this
form is called a soliton. Notice that the velocity of the soliton depends upon its
height.

The KdV equation is in fact utterly remarkable, in that it is integrable,
which means that in principle the exact solution can be computed for general
initial data. The relevant techniques are mostly beyond the scope of this book,
but see Problems [[1 and [2 and also Drazin [Dx] for more information.

c. Traveling waves for a bistable equation. Consider next the scalar react-
ion-diffusion equation

(12) Uy — Uy = f(u) InRX(0,00),

where f : R — R has a “cubic-like” shape.
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0 a 1\

Graph of the function f

We assume, more precisely, that f is smooth and verifies

@ f(0)=fa)=f(1)=0
(b) f<O0on(0,a), f>0on(a,1)
(13) © f(0)<0, f(1)<0

1
@ Jfy f(2)dz>0
for some point 0 < a < 1.
We look for a traveling wave solution of the form

(14) u(x, t) = v(x — at),
the profile v and velocity o to be determined, such that
u—>0 asx — —oo, u—>1 asx — +oo.

Now since f' < 0 at z = 0, 1, the constants 0 and 1 are stable solutions of the
PDE (and since f* > 0 at z = a, the constant a is an unstable solution). So
we want our traveling wave ([[4) to interpolate between the two stable states
z=0,1atx = Foo.

Plugging (I4) into (12), we see v must satisfy the ordinary differential equa-
tion

" ’ — [ i
(15) V" +0ov + f(v)=0 ( _ds>’
subject to the conditions
(16) lim v(s)=1, lim v(s)=0, lim v'(s)=0.
S—>+00 S——00 S—*oo

We outline now (without complete proofs) a phase plane analysis of the ODE
problem ([[3), (L6). We begin by setting

w:=0v.
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Then (13), (L) transform into the autonomous first-order system:

vV =w
(17) W = —ow— f(V),
with
(18) lim (v, w) = (1,0), lir_n (v,w) = (0,0).

Now (0, 0) and (1, 0) are stationary points for the system ([[7), and the eigenval-
ues of the corresponding linearizations are
—o+ (P —4f'(O)'? .. —ox(o*—4f' ()"
, A = .

2 2
In view of (T3)(c), A3, A7 are real, with differing sign, and thus (0, 0) and (1,0)
are saddle points for the flow (I7). Consequently an “unstable curve” W4
leaves (0, 0) and a “stable curve” W approaches (1, 0), as drawn. Furthermore,
by calculating eigenvectors corresponding to (19) we see

(19) 0=

WU is tangent to the line w = A v at (0,0)

20
(20) W is tangent to the line w = A7 (v — 1) at (1, 0).

(0,0) (1,0) v

Stable and unstable curves

Note that A3, A7, W* and W* depend upon the parameter o. Our intention
is to find o < 0 so that
(21) W4 = WS inthe region {v > 0,w > 0}.

Then we will have a solution of (I7), (I§), whose path in the phase plane is a
heteroclinic orbit connecting (0, 0) to (1,0).
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To establish (RI), we fix now a small number £ > 0 and let L denote the
vertical line through the point (a + €, 0). We claim

(22) WSNL#@, WYNL+#@
if o < 0. To check this assertion, define
E(v,w) = w; + fovf(z) dz (v,w € R)
and compute
%E(U(t), w(t)) = wOw'(t) + fLE)v' (1)
= —ow*(t) by ([[D.

As o < 0, we see that E is nondecreasing along trajectories of the ODE (I[7).
Note also that the level sets of E have the shapes illustrated.

A

N

=

Level curves of E

Consider next the region R, as drawn below. The unstable curve enters
R from (0, 0) and cannot exit through the bottom, top or left-hand side. Using
(7), we deduce that W* must exit R through the line L, at a point (a+¢, wy(0)).
Similarly we argue W must hit L at a point (a + €, w;(0)). This verifies claim

(2.

We next observe
(23) wo(0) < wy(0);

this follows since trajectories of ([7) for o = 0 are contained in level sets of E.
We assert further that

(24) wo(o) > wy(0)
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~

(0,0) (a,0) (1,0) Vv

The region R

provided o < 0 and |o] is large enough. To see this, fix 8 > 0 and consider the
region S, as drawn.

The region S

Now along the line segment T := {0 < v < a + ¢, w = Sv}, we have

W _—ow—f©) ____f@)

v’ w Bu -’
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Since |@| isbounded for 0 < v < a + ¢, we see

!

w C
> _g—-=
(25) - ,8>/3 onT,
provided o < 0 and |o| is large enough.
The calculation (23) shows that W* cannot exit S through the line segment
T, and so wy(o) > B(a + ¢) if o = o(p) is sufficiently negative. On the other
hand, w,(c) < w;(0) for all ¢ < 0. Thus we see that (24) will follow once we
choose § large enough and then o sufficiently negative.
Since w, and w; depend smoothly on o, we deduce from (23) and (24) that
there exists o < 0 with

(26) wo(0) = wy(0).

For this velocity o there consequently exists a solution of the ODE (IL7), (LS).
Hence we have found for our reaction-diffusion PDE (I2) a traveling wave of
the form (IL4).

A more refined analysis demonstrates that the velocity o verifying (26) is
unique. Hence given the nonlinearity f satisfying hypotheses ([3), there ex-
ists a unique velocity for which there is a corresponding traveling wave. Com-
pare this assertion with the previous example, where we found soliton traveling
waves of the KdV equation for each given velocity.

4.2.2. Similarity under scaling. We next illustrate the possibility of finding
other types of “similarity” solutions to PDE.

Example (A scaling invariant solution). Consider again the porous medium
equation

27) u, —AW)=0 inR" x (0, 0),

where u > 0 and y > 1 is a constant.

As in our earlier derivation of the fundamental solution of the heat equa-
tion in §P.3.1], let us look for a solution u having the form

(28) u(x,t) = t%v(%) (x e R", t > 0),

where the constants ¢, 8 and the function v : R"” — R must be determined.
Remember that we come upon (R§) if we seek a solution u of (R7) invariant
under the dilation scaling

u(x, t) = 2%u(ABx, At);

so that
u(x, t) = 2u(Afx, At)
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forall A > 0, x € R", t > 0. Setting A = !, we obtain (§) for v(y) := u(y, 1).
We insert (28) into (7)) and discover
(29) at= @ Dy(y) + =@ Dy . Du(y) + t= @ +2BAWY)(y) = 0

for y = t=Bx. In order to convert (29) into an expression involving the variable
y alone, let us require

(30) a+1=ay+28.
Then (R9) reduces to
(31) av + By -Dv+ A(v’) = 0.

At this point we have effected a reduction from n+1 to n variables. We simplify
further by supposing v is radial; that is, v(y) = w(]y|) for some w : R - R.
Then (B1]) becomes

-1
(32) aw + prw’ + (w’)” + & - wr) =0,
wherer = |y|,’ = %. Now if we set
(33) a = np,

(B2) thereupon simplifies to read
Y w?)) + B(r"w) = 0.
Thus
Mm=lw’) + prtw = a
for some constant a. Assuming w,w’ — 0 fast enough as r — oo, we conclude
a = 0 and consequently

(wr) = —prw.

But then

(wr=ty = —wﬁr.
Consequently

wl=p-— yz;ylﬁrz,
b a constant; and so

1

(34) w= (b - yz—_ylﬁ’rz)+ & ,

where we took the positive part of the right-hand side of (B4) to ensure w > 0.
Recalling v(y) = w(r) and (B§), we obtain

1

+
_ 1 Y — 1 |x|2 = n
(35) u(x,t) = o (b 5 B 26 (x e R", t > 0),
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where, from (B0), (B3),
n 1
36 = —, = —
(36) “ ny—1)+2 P ny—1)+2
The formulas (B3), (B6) are the Barenblatt-Kompaneetz—Zeldovich solution (or
just Barenblatt solution) of the porous medium equation.

Finite propagation speed and degenerate diffusions. Observe that the
Barenblatt solution has compact support for each time ¢ > 0. This is a general
feature for (appropriately defined) weak, nonnegative solutions of the porous
medium equation with compactly supported initial data. The nonlinear para-
bolic PDE (B7) becomes degenerate wherever u = 0, and the set {u > 0} moves
with finite propagation speed. Consequently the porous medium equation (27)
is sometimes regarded as a better model of diffusive spreading than the linear
heat equation, which predicts infinite propagation speed.

4.3. TRANSFORM METHODS

In this section we develop some of the theory for the Fourier transform &, the
Radon transform R and the Laplace transform £. These provide extremely
powerful tools for converting certain linear partial differential equations into
either algebraic equations or else differential equations involving fewer vari-
ables.

4.3.1. Fourier transform. In this section all functions are complex-valued,
and ~ denotes the complex conjugate.

a. Definitions and properties.

DEFINITION. Ifu € I}(R"), we define its Fourier transform Fu = 1 by

1 .
® 00) = g [ e dx (3 ERY
Q2 [,
and its inverse Fourier transform ¥ ~'u = it by
Y — ; ix-y n
) u(y) = TLE Ln e*Yu(x)dx (y € R").

Since [e*™*Y| = 1 and u € L}(R"), these integrals converge for each y € R".

We intend now to extend definitions ([l]), (B) to functions u € I*(R").

THEOREM 1 (Plancherel’s Theorem). Assume u € LY(R") N I?(R"). Then
i, 1 € I*(R™) and

(3) 1@l z2(rny = 18] z2@®ny = Ul L2(mn)-
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Proof.

1. First we note that if v, w € L}(R"), then 0, € L°(R"). Also

@) / D()D(x) dx = / 6(w(y) dy,
Rn

Rn

since both expressions equal W Jan Jan e~ XYp(x)w(y) dxdy. Furthermore,
as we will explicitly compute below in Example [,

. n/2 2
j el X V=tIXI* 4y = (%) e_% (t > 0).
Rn

_?
Consequently if ¢ > 0 and v,(x) = e~ we have 0,(y) = % Thus (#)

implies for each ¢ > 0 that

1x[2

(5) Ln w(y)e—6|y|2 dy = ﬁ fRn w(x)e™ % dx.

2. Now take u € L}(R™) n I?(R") and set v(x) := @i(—x). Letw:=ux*v €
LYR™) n C(R™) and check (cf. Theorem P below) that

W = 2m)"%00 € L®(RM).
But

1 f e ¥¥a(—x) dx = A(y),
Rn

and so b = (27)"?|a|2.
Now w is continuous and thus

i ; —% — n/2
£1_1:% GBLE —[Rn w(x)e™ 2 dx = 2m)"*w(0),

where we employed the lemma from §2.3.1. Since b = (27)2|i|> > 0, we
deduce upon sending ¢ — 0% in (f) that t is summable, with

f 0(y) dy = (27)""2w(0).
Rn

Hence

f|ﬁ|2dy:w(0):/ u(x)v(—x)dx:f lu? dx.
Rn Rn Rn

The proof for i is similar. O
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Definition of Fourier transform on I?. In view of the equality (§) we can
define the Fourier transforms of a function u € I?(R") as follows. Choose a
sequence {ug ., € L'(R™) n *(R™) with

up —» u  in I2(R").
According to (B), [[dx — @]l 2rn) = [luk — uj”LZ(R")
{T}3-, is a Cauchy sequence in I2(R™). This sequence consequently converges
to a limit, which we define to be Fu = :

U — @ in I2(R").

= |luk — uj||z2(rn), and thus

The definition of &1 does not depend upon the choice of approximating sequence
{l )= ,- We similarly define .

Next we record some useful formulas.
THEOREM 2 (Properties of Fourier transform). Assume u, v € I?(R"). Then
(i) fpnubdx = [, 40dy.
(ii) (D*w)" = (iy)*ii for each multiindex a such that D%u € I*(R").
(iii) Ifu, v € L{(R™) N I*(R™), then (u * v)" = (2m)"?100.
(iv) Furthermore, u = (1)".

Assertion (iv) is the Fourier inversion formula, which represents a function
u in terms of the exponential plane waves ¢, provided 2 € L'(R"):

©) U = s f eag)dy.

Proof.
1. Letu,v € I?>(R") and a € C. Then
et + 0l B ggny = 112+ @[22 my-
Expanding, we deduce
j [ul?> + |av|? + @(av) + u(ad) dx = j [4]? + |av|? + 4(aD) + i(ad) dy;
Rn Rn

and so according to Theorem [l,

f aiv + aui dx = f and + and dy.
R R
Take o = 1,i and combine the resulting equalities to deduce

f uﬁdxzf a0 dy.
Rn Rn
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This proves (i).

2. If u is smooth and has compact support, we calculate

A, \A — 1 —ix- o
D*wNy) = e Lne YD%u(x)dx
B (_1)\04
- (2m)n/2

1
T (2m)n2

f D (e~ X Yyu(x)dx
Rn

f (i) u(x) dx = (iy)*a(y).
Rn

By approximation the same formula is true if D%u € [2(R").
3. We compute for u, v € L}(R") N I?(R") and y € R" that

(uxv)Ny) = ﬁ Ln e~ixy Ln u(z)v(x — z)dzdx

= —(271'1)"/2 Ln e~ 1ZVy(z) (Ln e—iC=2V(x — 7) dx) dz
= f e Yu(z) dz 0(y) = (2m)"*a(y)o(y).
Rn

4. Next we observe that if u, v € I>(R"), then

fﬁvdx=f uvdx,
R R

since for u, v € I}(R") N I?(R") both sides equal

1 f f ix-y
—_— e*Yu(y)v(x)dxdy.
)2 Jon Jun
‘We also note that

U= (DA

We may therefore employ assertion (i) to compute

f(ﬁ)vvdx=f ﬁﬁdx=/ a(ﬁ)/\dx=f uﬁdx:f uv dx.
Rn Rn R RR R7

This holds for all v € I?(R"), and so statement (iv) follows. O

b. Applications. The Fourier transform ¥ is an especially powerfulechnique
for studying linear, constant-coefficient partial differential equations.

Example 1 (Bessel potentials). We investigate first the PDE

—Au+u=f inR"



4.3. Transform Methods 181

where f € I*(R"). To find an explicit formula for u, we take the Fourier trans-
form, recalling Theorem P(ii) to obtain

(7) A+ yPae) = fO) (eR™.

The effect of the Fourier transform has been to convert the PDE into the alge-
braic equation ([), the solution of which is trivial:

o f
ETEpe
Thus
8 —gr (),
® u <1+|y|2>

and so the real problem is to rewrite the right-hand side of (f) into a more
explicit form.

Invoking Theorem [(iii), we see

_ [=*B
©) u= 2mni2’
where

. 1
10 B=—.
(10) TP

Although B is not necessarily in I! or I?, we solve formally for B as follows.
Since é = f0°° e~'edt for each a > 0, we have %Iylz = f0°° e~ta+P) dt. Thus

YO S N S (Y PRI
v =) =g | ([ e o)a

a

Now if a, b € R, b > 0, and we set z = b'x — —7i, we find
e 5 e—a2/4b 5
f elax=bx* gy = —i /e‘z dz,
—00 b r
I" denoting the contour {Im(z) = —ﬁ} in the complex plane. Deforming T’
into the real axis, we compute /. e~ dz = S5 e~ dx = 7V/2; and hence
o 1/2
; Vs
12 elax—bxz dx = e—a2/4b (_)
(12) / ) -

Thus

n/2_£

n [60)
XY=ty gy — ixjyi—tys g0 _ (7
(13) /Rne dy ]1:[1 i eI dy; (t) e a
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by (12). Consequently, we conclude from ([L1)), (I3) that

on/2 th/2

o i
(14) B(x) = — f Y (x # 0).
0

The function B is called a Bessel potential. Employing (g), we derive then the
formula

o—im [x— y\

(15) u(x) = an )n/Zf f 72 —F——f(y)dydt (x € R").

Example 2 (Fundamental solution of heat equation). Consider again the

initial-value problem for the heat equation
U, —Au=0 inR" x (0, 00)
(16) ,
u=g onR"x{t=0}

We establish a new method for solving (L) by computing i, the Fourier trans-
form of u in the spatial variables x only. Thus
i+ |yPa=0 fort>0
=g fort=0,
whence
0 =e"tWPg.
Consequently u = (e‘”y i g)v, and therefore

gxF

(17) u= W,

where F' = e~M’, But then

1 ; 1 x2
— -1 (,—ty*) = y—tly? — -
F=% (e ¥l ) = Gy /ﬂ;n elx-y—tlyl dy = (2t)n/ze ar

by (L3). Invoking (L7), we compute

1 f by
— e” u« g(y)dy (xeR", t>0),
(Amt)n/2 Jon

in agreement with §2.3.1. The Fourier transform has provided us with a new
derivation of the fundamental solution of the heat equation.

(18) u(x,t) =

Example 3 (Fundamental solution of Schrodinger’sequation). Let us next look

at the initial-value problem for Schrodinger’s equation
iug +Au=0 inR" x(0,0)
(19)
u=g onR"x{t=0}

Here u and g are complex-valued.
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If we formally replace ¢ by it on the right-hand side of ([L§), we obtain the
formula

ix-y?

@) uw) =g [ EF ey cerri>o)

where we interpret i as s . This expression clearly makes sense for all times
t > 0, provided g € L}(R"). Furthermore if |y|*g € L}(R"), we can check by
a direct calculation that u solves iu; + Au = 0 in R” X (0, c0). (We will not
discuss here the sense in which u(-,t) - gast — 0%, but see §¢.5.3 below and
Problem [I6.)

Let us next rewrite formula (20) as

i|x|2

Tar —ixy iy?
u(x,t) L/ e Ztye%g(Y)dY-
Rn

= @rit)n2
ilx|2 iy
Since |e% l, |e%| = 1, we can check as in Theorem [l that if g € L}(R") N
I?(R™), then
(21) luC, Ollrarny = 118llz2@wny (£ > 0).

Hence the mapping g — u(-, t) preserves the I?-norm. Therefore we can extend
formula (20) to functions g € I?(R"), in the same way that we extended the
definition of Fourier transform.

We call

i|x|?
(22) quy:—;L—w%'(xeRmt¢m

the fundamental solution of Schrodinger’s equation. Note that formula (20),
u = g * ¥, makes sense for all times ¢t # 0, even t < 0. Thus we in fact have
solved
iu, + Au=0 inR" X (—o0, )
(23) n
u=g onR"x{t=0}

In particular, Schrodinger’s equation is reversible in time, whereas the heat
equation is not (in spite of Theorem [[1 in §2.3.4).

Example 4 (Wave equation). We next analyze the initial-value problem for the
wave equation

(24)

u=g u;=h onR"x{t =0},
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where for simplicity we suppose the initial velocity to be zero. Take as before

11 to be the Fourier transform of u in the variable x € R". Then
Ifttt + |y|2ﬁ = 0 fort > 0

(25) o R
=g u,=h fort=0.

This is an ODE for each fixed y € R", the solution of which is

A~

A h .
(26) i = gcos(fly]) + ol sin(¢]y[).

Inverting, we find

A~ v

u(x, £) = [g cos(ly) + s

In the particular case that h = 0, we have

(27) u(x,t) = (zﬂl)n/z f g(zy) (elxy+tYD 4 pley—tiyD) dy
Rn

for x € R", t > 0, a formula we will further analyze in certain asymptotic
limits later, in §4.5.3.

Asymptotic equipartition of energy. Assume that h, g, Dg € I*(R"). Recall
from §P.4.3 that the energy of the solution u of the wave equation (24) is

E(t) = % fR W2+ |Duffdx (12 0)
and that it is constant in time:
E(t) = E(0) = % L W+ Dyl d.
As an application of the representation formula (26) we next show that
t—o0

(28) lim f |Du|? dx = hm ut dx = E(0).

This says that asymptotically the total energy splits equally into its potential
and kinetic parts (cf. Problem P4 in Chapter ).

To establish (28), we compute using (26) that

f IDup? dx = f Y2l dy
Rn Rn

29) - f WPIP cosi(elyl) + [AI? sin?(ely]) dy
Rn

+ / cos(tly sin(elyDIyI(AE + gh) dy.
Rn
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Now if f € CP(R"), then

/ cos(tlyl) sin(ely)f dy = & f sin(2tly))f dy
Rn Rn

= lf sin(2tr) fdsdr
2 0 8B(0,r)

1 (% d
——4—th E(COS(ZU’)) fdsdr

8B(0,r)
1 [“’ d
= — cos(2tr)— (/ de) dr
4t Jo dr \ Jspco.r)
=0(t™).

Approximating the integrable function |y|(hg + gfz) by a smooth function with
compact support, we see that the last integral in (R9) goes to zero as t — oo.
Using the identity cos®(¢|y|) = %(cos (2t|y]) + 1), we likewise deduce that

. 1 R
| wiigzcosiyay - 3 [ e a
Rn Rn
and similarly
AP iyl dy = 5 [ 1P dy
RN 2 Jpn

It follows then from (R9) that

lim [ |Dudx=2 | |yRlg2+|APdy =~ [ |DgP + k]2 dx = E(0).
R 2 Jgn 2 Jgn

t—o0

Example 5 (Telegraph equation). The initial-value problem for the one-di-
mensional telegraph equation is

Uy +2duy — Uy =0 in R X (0, )
u=g u,=h onRX{t=0}

for d > 0, the term “2du,” representing a physical damping of wave propaga-
tion. As before
{a” +2da; + |y*a=0 fort>0

=g 0,=h fort=0.
We again seek a solution of the form 2 = Be!” (8, y € C). Plugging in above, we
deduce that y? + 2dy + |y|? = 0; whence y = —d + (d? — |y|?)"/?. Consequently

e~ (BN + By(p)eTD) if |y <d

A1) =
"o L_d‘(ﬁl(y)ei‘s(y)t+ﬁz(y)e‘i5(y)t) ifly| > d
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for y(y) := (d> = [yI)"2(ly| < d), 8(¥) = (|y]* — d*)"* (|y| > d), where ()
and 8,(y) are selected so that

80 =B (y) + B

and

By ) —ad) + B,((=y(y) —d) if|y|<d
B1((i8(y) — d) + B(W)(=id(y) —d) if [y| > d.

We thereby obtain the representation formula:

ﬁm:{

e—dt

u(x, t) = W

[ merron 1 gyei-ron gy
{lyl=d}

—dt
+ (;TW f B1(1)elCYHEWD | B (3)el¥=8(D) gy,
{lyl=d}

Notice the terms e~%, which causes damping as t — co.

4.3.2. Radon transform. The Fourier inversion formula (B) is significant for
PDE theory primarily since it represents a function in terms of the exponential
plane waves e*Y. We introduce in this subsection the Radon transform R,
which provides for odd dimensions the elegant, alternative decomposition (B3),
(B4) into plane waves. This is sometimes useful because it is often easier to
determine information concerning the support of a function from its Radon
transform, rather than its Fourier transform.

a. Definitions and properties.

NOTATION. We write S”~! for the unit sphere dB(0, 1) in R", a typical point
of which we denote w = (wy, ..., ,). The plane with unit normal w € S"~! at
a distance s € R from the origin is

I(s,w):={yeR"|y-w=s}

Note that we allow s < 0.

DEFINITION. The Radon transform Ru = ii of a function u € CZ(R") is

(30) ii(s, w) = f udS (seR,we S
II(s,w)

The term on the right is the integral over the plane II(s, w) with respect to
(n — 1)-dimensional surface measure.

THEOREM 3 (Properties of Radon transform). Assume u € C®(R"). Then

(1) d(-s, —w) = (s, w).
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la
(i) (D%u)~ = w“%ﬂ for each multiindex a.

(iii) (Au)~ = Za.

~ o2

(iv) Ifu =0in R"™ — B(0, R), then ii(s,w) = 0 for |s| > R.

Proof. Assertion (i) is clear, since II(s,w) = II(—s,—w). To prove (ii),
let {by,...,b,_1} be an orthonormal basis of the subspace I1(0,w). Then
{by,...,b,_1,w}is an orthonormal basis of R" and so

n—-1
Du = Z(Du bj)bj + (Du - w)w.
j=1

Consequently

Uy, = f uy, dS
TI(s,w)

n-1
=Z(bj'ei)f Du-bde+cul-/ Du-wdS
Jj=1 TI(s,w) TI(s,w)

= coif Du - wdS.
I1(s,w)

The integrals of Du - b over I1(s, ) vanish because b; is tangent to II(s, @) and
u has compact support. Since

iy = f Du-wdsS,
II(s,w)

we have proved (ii) for & = e;. The general case follows by induction, and (iii)
is immediate since |w| = 1.
Assertion (iv) is obvious, since I1(s, w) N B(0,R) = @ if |s| > R. O

Next we discover an interesting connection between the Radon and Fourier
transforms.

THEOREM 4 (Radon and Fourier transforms). Assume that u € C&L(R™).
Then

(31) u(r, w) = fﬂ(s, w)e~ds = m)"*0(rw) (r € R,w € S,
R

where @l = Fu is the Fourier transform.
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Proof. Asin the previous proof, take {b,,..., b, _;} to be an orthonormal basis

of TI(0, w). Then
n-1
(s, w) = f u yjbj +sw | dy,
Rn-1 j:l

and so

n—1
fﬁ(s, w)e S ds = // ul D yjbj + sw | e dyds.
R RJRP-1\ j=1

We change variables, now writing x := 27;11 yjbj + sw. Then

fa(s, w)e~ s ds = / u(x)e"rx®) dx = 27" 4(rw). O
R

Rn

Since we know how to invert the Fourier transform, we can likewise invert
the Radon transform. The surprise is that we discover a nice formula for odd
dimensions.

THEOREM 5 (Inverting the Radon transform).
(i) We have

— 1 i n—1,irw-x
(32) u(x) = 20y LLH u(r,w)r e dsdr,

the function i defined by (B1)).
(ii) Ifn = 2k + 1 is odd, then

(33) u(x) = f r(x-w,w)dS
Sn—1

for
(—l)k aZk _

(34) V(S, CU) = 2(2—71_)zkas—2ku(S, CU).

Formulas (B3) and (B4) provide an elegant and useful decomposition of u
into plane waves.
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Proof.

1. According to (B1]) we have

f/ ﬁr”‘lei""'dedr:(Zn)”/sz ara)r"~telr O dsdr
R Jsn-1 R Jsn-1

(o]
= 2(27‘()””] f A(ra)r=lelr®* dSdr
0 Sn—l

= 2(2ﬂ)”/2f i(y)ey* dy
Rn
= 2(27)"u(x).

For the second equality above, we replaced r by —r and w by —w in comput-
ing the integral f_ooo Syns A(ra)r"~1el™* dSdr. The last equality is the Fourier
inversion formula ().

2. The identity (B1)) also implies that @ = (27)"/2(i1)", the circumflex now
denoting the one-dimensional Fourier transform in the variable r (with w held
fixed). Consequently

(&) = v = 2

aszk (271')1/2

and hence
2k k
0 (s, w) = —( ) f u(r, w)r?keis dr.
ds2k R
Puts=x-w:
2k

—ii(w - X,w) = (_ ) fur” Loir(wx) gy

952k

Now integrate over the unit sphere, to discover

2k k
f 562ku(cu X, cu)dS—( ) f/ rn—1eir(@X) drds
n-1

_ (= 1)"
27

in light of (B2). O

——22m)"u(x)

Application (Vanishing of Radon transform). As a quick corollary, we note
that

ifnisodd and @i = O for |s| <R,
(35)

then u = 0in B(0, R).
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Compare this statement with assertion (iv) from Theorem B. To prove it, ob-
(—l)k a2k _ . .
serve that for n = 2k + 1, r(s,w) = Wmu(s, w) = 0if |s] < R; and

consequently formula (B3) implies (B3).
b. Applications.

Example 6 (Another representation formula for the wave equation). If we fix
a unit vector @ € S™~!, then the plane wave y(x - w — t, ) solves the wave
equation and therefore so does the superposition of plane waves

(36) u(x,t) :== f y(x-w—t,w)dS.
Sn-1

We claim now that if n = 2k + 1 is odd and

_ (—l)k 52k~_ (—l)k

= = R(AKg),
V= Gy ke~ 22y NAS)

(37)

then (B6) provides a formula for the solution of the initial-value problem for
the wave equation:

U, —Au=20 in R™ x (0,
(38) { tt (0, 00)

u=g, u =0 on R" x {t = 0}.

To confirm this, note first that u = g on R" X {t = 0} in view of Theorem [B(ii).
Consequently we need only check the second initial condition, that

u;(x,0) = —f Ys(x - w,w)dS = 0.
sn—1

In view of (B7), it will suffice to show that fg,_, A;(x-w,w)dS = 0 when 4 := Rl
for some smooth function I. But

A = f Dl-wdsS;
II(s,w)

and consequently

f As(x - w,w)dS = / / DI(y) - wdS(y)dS(w) = 0,
Sn—1 Sn=1 JTI(x-w,w)

since the integrand is an odd function of w.
Example 7 (Huygens’ principle for hyperbolic systems). A linear system of
first-order PDE

n
u; + Z Bjuxj =0
Jj=1
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for the unknown u : R" X [0,0) — R™,u = (u!,...,u™), is called hyperbolic
if for each y € R" the m X m matrix

n
B(y) := ), y;B;
j=1

has m real eigenvalues

L) £ L,0) <. £ A40).

We suppose further that B(y) is diagonalizable, meaning there exists a smooth,
invertible matrix A(y) such that

A7 (MBY)A(Y) = D(y) = diag(A;(), ..., 4 (¥))-

In §[7.3 we will employ the Fourier transform to construct solutions of the
initial-value problem

n
u + Y, Bju, =0 inR"x(0,00)
(39) Jj=1 !

u=g onR"x{t=0}
for given data g = (g', ..., g™). Here we provide instead a quick application of

the Radon transform, to conclude information about the support of the solution
when the initial data have compact support.

So let us suppose that u is a smooth solution of (B9) and take the Radon
transform in the variables x. We deduce from Theorem B(ii) that for each fixed

we st
{ﬁt + B(w)ay, =0 inR X (0, )

a=g onRx{t=0}
Now put v := A~} (w)ii, h := A~}(w)g. Then v solves the diagonal system

Vi + D(w)vy =0 inR X (0, o)
v=h onRXx{t =0}

That is,
vl + 2@l =0 inRx(0,00)
{ v =h/ onR x{t =0}
and so
vi(s,w,t) = hi(s — Aj(w)t, w)
for j =1,..., m. It follows that

(s, w,1) = A()v(s, @, 1) = D hi(s — Aj(w)t, w)a (@),
j=1
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aj(w) denoting the j™ column of A(w). The inversion formulas (B3), (B4) then
provide for odd n = 2k + 1 the expression

(40) u(x, 1) = f D U(x - w— ()t w)a;(w)ds
Sn-1 j=1

for

(41) pie C 0 i a@te) (G=1,...m)

z(zﬂ)zk Os2k
In particular, if

o:= min min |[1;(w)| >0
weS” l1<j<m

and sptg C B(0, R), then
(42) u(x,t)=0 for|x| <ot—R.

This is a form of Huygens’ principle for the hyperbolic system (BY) in odd di-
mensions n.

4.3.3. Laplace transform. Remember that we write R, = (0, o).

DEFINITION. Ifu € I}(R,), we define its Laplace transform Lu = u* to be
(43) u®(s) = f e Stu(t)dt (s > 0).
0

Whereas the Fourier and Radon transforms are most appropriate for func-
tions defined on all of R (or R"), the Laplace transform is useful for functions
defined only on R . In practice this means that for a partial differential equa-
tion involving time, it may be useful to perform a Laplace transform in ¢, hold-
ing the space variables x fixed. (This is the reverse of the technique from Ex-

amples P-B of §#.3.1.)

Example 8 (Resolvents and Laplace transform). Consider again the heat equa-
tion

v;—Av=0 inU X (0, )
(44) {

v=f onUx{t=0}

and perform a Laplace transform with respect to time:

v#(x, s) :f e~ Stu(x,t)dt (s> 0).
0
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What PDE does v* satisfy? We compute
Av#(x,s) = f e StAv(x, t)dt = / e Sto,(x, 1) dt
0 0
= sf e Stu(x, t) dt + e‘”v|:c = sv*(x,s) — f(x).
0

Think now of s > 0 being fixed, and write u(x) := v¥(x, s). Then
(45) —Au+su=f inU.

Thus the solution of the resolvent equation (B3) with right-hand side f is the
Laplace transform of the solution of the heat equation (B4) with initial data f.
(If U = R" and s = 1, we could now represent v in terms of the fundamental
solution, to rederive formula (13).)

The connection between the resolvent equation and the Laplace transform
will be made clearer by the discussion in §f7.4 of semigroup theory.

Example 9 (Wave equation from the heat equation). Next we employ some
Laplace transform ideas to provide a new derivation of the solution for the wave
equation (cf. §2.4.1)), based—surprisingly—upon the heat equation.

Suppose u is a bounded, smooth solution of the initial-value problem:

Uy —Au=0 inR" X (0,0)
(46)

u=g,u; =0 onR"x{t=0}

where n is odd and g is smooth, with compact support. We extend u to negative
times by writing

47) u(x,t) =u(x,—t) if xeR", t<O.

Then

Uy —Au=0 inR"XR.

Next define

1 o0
(48) v(x,t) == W./ e‘sz/‘”u(x, s)ds (xeR", t>0).
Hence

lirré v =g uniformly on R".
t—
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In addition

1
(@t

1 ©
= W.f e~S 4y (x,s)ds

1 o0
f ie_SZ/‘”uS(x, s)ds

- (4mt)tiz | 2t

_ 1 ©o S2 1 —S2/4t d _
= (4nn2 2 )¢ u(x,s)ds = vy(x, t).

Consequently v solves this initial-value problem for the heat equation:
v;—Av =0 inR" X (0,0)
v=g onR"x{t=0}

o0
Av(x,t) = f e=S 4 Ay(x, s) ds

As v is bounded, we deduce from §R.3 that

=y

1 ey
(49) v(x,t) = W Ln e~ a g(y)dy.

We equate (B8) with (49), recall (#7), and set 1 = %, thereby obtaining the
identity

n-1

0 =
f u(x, s)e= 5 ds = %(%) fe"l'x‘y'zg(y) dy.
0 Rn

Thus

o0 n—_l o0
(50) f u(x, s)e=’ds = na(n) (£> Zf e~ n=1G(x; r) dr,

0 2 \n) Jy
for all 1 > 0, where
(51) 6= g0)ds0).
8B(x,r)

We will solve (B0), (51) for u. To do so, we write n = 2k + 1 and note

1d, _ ;2 252
—5-—(e™*") = 2¢™*". Hence

AHT_I'/‘ e"lrzr"_lG(x;r)drzf A=A 2k G(x; r) dr
0 0

© k
= (_Z}C)kfo [(%%) (e"”z)] r?kG(x;r) dr

L k
1/ [(1 5) 2k—1 . ] —Ar?
= ri{= (r**=1G(x;r)) | e~ dr,
2k J, ror

where we integrated by parts k times for the last equality.
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Owing to (50) (with r replacing s in the expression on the left), we deduce

0 o0 k

f u(x, e~ r'dr = —n_olc(n) r [<1£> (r?=1G(x; r))] e dr.
0 nT 2k+1 Jo ror

Upon substituting 7 = r?, we see that each side above, taken as a function of

A, is a Laplace transform. As two Laplace transforms agree only if the original

functions were identical, we deduce

k
na(n) t(%%) (*1G(x. 1)),

1
2 Praas)
n

— — — ; IN_ 12 —
Now n = 2k+1and a(n) = e Since F(z) =774 andT'(x+1) =
xI'(x) for x > 0 (cf. [Rd, Chapter 8]), we can compute
na(n) nml/? 1 1

AT icer (24 1) T m-2)n—-4)--5-3 1,

(52) u(x, t) = W

We insert this deduction into (52) and simplify:

n-3

10 /10\?%

(53)  u(x,t) = —— (__) (t"—z][ gds> (x €R", t > 0).
¥, Ot \ 't Ot 3BCx1)

This is formula (B1)) in §2.4.1 (for h = 0).

4.4. CONVERTING NONLINEAR INTO LINEAR PDE

In this section we describe several techniques which are sometime useful for
converting certain nonlinear equations into linear equations.

4.4.1. Cole-Hopf transformation.

a. A parabolic PDE with quadratic nonlinearity. We consider first of all

an initial-value problem for a quasilinear parabolic equation:
O u; —alAu+ b|Dul?> =0 in R" x (0, c0)
u=g onR"x{t=0},

where a > 0. This sort of nonlinear PDE arises in stochastic optimal control
theory.

Assuming for the moment u is a smooth solution of ([ll), we set

w = $(u),

where ¢ : R — R is a smooth function, as yet unspecified. We will try to
choose ¢ so that w solves a linear equation. We have

wy = ¢' Wy, Aw = ¢'(WAu + ¢"(w)|Dul%;
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and consequently ([l) implies
w; = ¢'(Wu, = ¢'(wladu — b|Duf’]
= aAw — [a¢”(u) + b¢'(u)]|Du/?
= aAw,
provided we choose ¢ to satisfy a¢” + b’ = 0. We solve this differential equa-
—bz
tion by setting ¢ = e"a . Thus we see that if u solves (), then

—bu
(2) w=ea
solves this initial-value problem for the heat equation (with conductivity a):
w;—aAw =0 in R" x (0, o)
(3) —bg
w=ea onR"x{t=0}

Formula (@) is the Cole-Hopf transformation.
Now the unique bounded solution of (B) is

Cx—y? -
w(x,t) = W[ e Gt eTbg(y) dy (xeR™ t>0)
Rn
and, since (@) implies
u=—L1ogw
= b gw,

we obtain thereby the explicit formula

—x-y?

a 1 _b
@) u(x,t)= 3 log<W /W;n e~ ~a8W) dy) (xeR", t>0)

for a solution of quasilinear initial-value problem ([ll).

b. Burgers’ equation with viscosity. As a further application, we examine
now for n = 1 the initial-value problem for the viscous Burgers’ equation:

U; — Uy + U, =0 in R X (0, 00)
5
) u=g onRXx{t=0}
If we set
X
(6) w(x,t) ::/ u(y,t)dy
and

@ h(x) = f &) dy
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(cf. §B.4), we have

1, .
- - == 0 [R 0,
@®) {wt AW,y + W in R x (0, o)

w=h onRXx{t=0}

This is an equation of the form () forn = 1, b = %; and so () provides the
formula

—lx-y2 _ h(y)

1
9) w(x,t) = —2a10g(WfRe Zar  2a dy).

But then since u = w,, we find upon differentiating (§) that

—y k=% _ )
-/'—(X;o —xtye%_% y
(10) u(x, l') = P )

f_oo e aat 2a dy

is a solution of problem (J), where h is defined by (). We will scrutinize this
formula further in §§.5.2.

(xeER, t>0)

4.4.2. Potential functions. Another technique is to utilize a potential func-
tion to convert a nonlinear system of PDE into a single linear PDE. We consider
as an example Euler’s equations for inviscid, incompressible fluid flow:

(@) uw,+u-Du=-Dp+f inR3x(0,0)
(11) (b) divu=0 in R3 x (0, o)

(©) u=g on R3 x {t = 0}.
Here the unknowns are the velocity field u = (u!,u?,u®) and the scalar pres-
sure p; the external force f = (f1, f2, f3) and initial velocity g = (g, g2, &%)
are given. Here D as usual denotes the gradient in the spatial variables x =
(x1, X5, x3). The vector equation 11(a) means

ul + ZSJ ufu;;}, =—py, +f1 (i=1,23).
j=1
We will assume
(12) divg = 0.
If furthermore there exists a scalar function i : R3 x (0, ) — R such that
(13) f = Dh,
we say that the external force is derived from the potential h.

We will try to find a solution (u, p) of ([L1)) for which the velocity field u is
also derived from a potential, say

(14) u = Dv.
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Our flow will then be irrotational, as curlu = 0. Now equation (LT))(b) says
(15) 0 =diva = Av

and so v must be harmonic as a function of x, for each time ¢t > 0. Thus if
we can find a smooth function v satisfying (13) and Dvu(-,0) = g, we can then
recover u from v by (I4).

How do we compute the pressure p? Let us observe that if u = Dv, then
u-Du-= %D(|Dv|2). Consequently ([T)(a) reads D (vt + %|Dv|2) = D(—p+h),
in view of ([[3). Therefore we may take

1
(16) v; + §|Dv|2 +p=h.

This is Bernoulli’s law. But now we can employ ([Lf) to calculate p, up to an
additive constant, since v and h are already known.

4.4.3. Hodograph and Legendre transforms.

a. Hodograph transform. The hodograph transform is a technique for con-
verting certain quasilinear systems of PDE into linear systems, by reversing
the roles of the dependent and independent variables. As this method is most
easily understood by an example, we investigate here the equations of steady,
two-dimensional, irrotational fluid flow:

(@) (o*(w) — W)Puy, —u'v’(uy, +ui) + (0*(w) — W?)*)ug, = 0
(b) uy, —uz, =0

17) {

in R2. The unknown is the velocity field u = (u!, u?), and the function o(-) :
R? — R, the local sound speed, is given.

The system ([[7) is quasilinear. Let us now, however, no longer regard u!
and u? as functions of x; and x,:

(18) u' = u'(xy, %), u? = u?(x1, %),
but rather regard x! and x? as functions of u; and u,:
(19) xt = xl(ug, up), X% = X2(ug, uy).
We have exchanged sub- and superscripts in the notation to emphasize the in-
terchange between independent and dependent variables.

According to the Inverse Function Theorem (§[C.6) we can, locally at least,
invert equations ([[8) to yield ([[9), provided

_0(ut,u?)

G0 = 3G

— 1.2 1,2
= Uy, Uy, — Uy, Uy, 0
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in some region of R%. Assuming now (20) holds, we calculate
(21) {u)zcz = ‘]x’lil’ qufl = _Jx%ll
uy, = —Jxy,, uy, =Jx; .
We insert (1)) into ([7), to discover
- {(w (%) — ud), + uyuy(xh, + 3, + (0*(w) — 1), =0
(b) Xy, — Xz, = 0.
This is a linear system for x = (x!, x), as a function of u = (u, u,).
Remark. We can utilize the method of potential functions (§#.4.2) to simplify

(B2) further. Indeed, equation (2)(b) suggests that we look for a single function

z = z(u) such that

xt =2z,

2
X° = 2zy,.

Then (22)(a) transforms into the linear, second-order PDE

(23) (Gz(u) - u%)zuzuz + 2u1uzzulu2 + (Uz(u) - u%)zulul =0.

b. Legendre transform. A technique closely related to the hodograph trans-

form is the classical Legendre transform, a version of which we have already en-

countered before, in §B.3. The idea is to regard the components of the gradient
of a solution as new independent variables.

Once again an example is instructive. We investigate the minimal surface
equation (cf. Example { in §8.1.7)

. Du
dNQ1+WMQM)‘Q

which for n = 2 may be rewritten as

(24) (1 + U3 Dy, — 2Uy Uy Uy x, + (1 + Uz DUy, = 0.

Let us now assume that at least in some region of R2, we can invert the relations
(25) P = uy, (X1, %), P? = Uy, (X1, X,),

to solve for

(26) x' = x'(p1, p2), X* = x*(p1, P2)-

The Inverse Function Theorem assures us we can do so in a neighborhood of
any point where

27 J =detD?u # 0.
Now define

(28) v(p) = x(p) - p — u(x(p)),
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where x = (x!, x?) is given by (28), p = (p;, p,). We discover after some calcu-
lations that

uxlxl = vazpz

(29) Uy, x, = _valpz
uxzxz = JUPlPl'

Upon substituting the identities (R9) into (24)), we derive for v the linear equa-
tion

(30) (14 p3)vp,p, + 2P1P2Vp,p, + (L + pDUp, p, = 0.

Remark. The hodograph and Legendre transform techniques for obtaining
linear out of nonlinear PDE are in practice tricky to use, as it is usually not
possible to transform given boundary conditions very easily.

4.5. ASYMPTOTICS

It is often the case that even when explicit representation formulas can be had
for solutions of partial differential equations, these are too complicated to be of
much immediate use. In such circumstances it sometimes becomes profitable
to study the formulas in various asymptotic limits, whereupon simplifications
often appear.

Following are several rather complicated examples, illustrating typical is-
sues involved in asymptotics for PDE. The results in this section are explained
only heuristically, mostly without formal proofs.

4.5.1. Singular perturbations. A singular perturbation is a modification of
a given PDE by adding a small multiple ¢ times a higher-order term. In accor-
dance with the informal principle that the behavior of solutions is governed
primarily by the highest order terms, a solution u® of the perturbed problem
will often behave analytically quite differently from a solution u of the original
equation.

Example 1 (Transport and small diffusion). We illustrate this idea by study-
ing formally the effects of small diffusion upon the transport of dye within a
moving fluid in R2.

Suppose we are given a smooth vector field b : R? - R2, b = (b!, b?), rep-
resenting the steady fluid velocity. Assume dye has been continuously injected
at unit rate into the fluid at the origin, and let u(x) represent the density of dye
at the point x € R2, x = (x;, X,). Then, formally at least as we shall see,

(1) div(ub) =6, inR?,
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x=x(t)+yv(x(t))

Flow of dye without diffusion

where &, is the Dirac measure on R? giving unit mass to the point 0. This PDE
implies that the dye density is transported with the fluid motion at points x # 0.

Consider now for ¢ > 0 the singular perturbation:
2) —eAuf +div(u’b) =5, inR2

The new term “cA” represents a small, isotropic diffusion of the dye within the
background fluid motion. We are interested in understanding in an approxi-
mate way the structure of the solution uf of (P]) and, in particular, describing if
and how u® approximates u for small € > 0.

a. Analysis of problem (). We turn our attention first to the unperturbed
PDE (). Consider the characteristic ODE

x(t) =bx(1)) (t=0)

) x(0) =0,

the solution x(t) = (x'(t), x2(t)) of which we assume to trace out a curve C, as
drawn.

Given a point x € R? near C, we write
4 x = x(t) + yv(x(t)),

where v = (v1,7?) is the (upward pointing) unit normal to C, y € R, and ¢ is
the time required for the solution of the ODE (B) to reach the point x(¢) along
C closest to x. We hereafter regard (t, y) as providing a new coordinate system
near the curve C, so that x = (x}(y, 1), x2(y, t)).

Using (B) and (), we compute

ax!  ox!

a(xt, x?) _ det a—xt a—)fv _ det bl +ypt !

oty) —\&Z xR+ )
y
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Let us write ¢ = |b|, » = (=b?,b')/c and » = —oxr = —xb (wWhere o = speed,
¥ = curvature, 7 = g = unit tangent). We then simplify, to obtain
a(xt, x?)
(5) ———— =0g(1 —xy).
oy o)
Return now to the PDE ([l), which we rewrite to read
(6) b-Du+ (divb)u =6, inR2.

As in §B.7 we see u = 0 off the curve C. Let us next guess u has the form

(7) u(x) = p()s(y)

in the (¢, y)-coordinates, § denoting the Dirac measure on R giving unit mass
to the origin.

What is p(t)? To compute it, take R to be a small, smooth region in the
(x1,x,)-plane, with boundary intersecting the curve C at the points x(¢;) and
x(t,), 0 < t; < t,. Let R’ denote the corresponding region in the (t, y)-plane.
Then using (§), we calculate

fudx = f p()6(y)o(t)(1 — xy)dydt = / 2 p(H)a(t)dt.
R R’ t

1

Now [, udx represents the total amount of dye within the region R, which is
to say, the total amount released between times ¢, and ¢,. This is simply ¢, — t;.
Thus

ta

1

This identity holds for all 0 < t; < t,, and so p(t) = o(t)~!. Hence (f]) says
(8) u(x,t) = 6(y)/o(t)

is a solution of (), for o(¢) := |b(x(t))|, t > 0. In other words, u represents the
density along the curve C of the dye, whose concentration varies inversely with
the speed of the fluid.

We can further confirm this formula as follows. Let v € C®(R?). Then (B)
lets us compute that

_ s(y)
-/mlz Dv-budx = jR;Z Dv - bwa(t)(l —xy)dydt

_ f "~ Du(x(t)) - b(x(t)) d
0

= f %v(x(t))dt=—v(o)-
0
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Hence we may indeed interpret u defined by (B) as a weak solution of the un-
perturbed PDE ([Il).

b. Analysis of problem (2) for 0 < ¢ <« 1. We look now at the perturbed
problem (P). We expect that at time ¢t > 0, the diffusing dye will fill a ball
of radius approximately O((¢t)"/?) about the point x(t). The dye will thus be
mostly concentrated in a plume as drawn, about the curve C.

O((et)1/2)
0 <‘
x(t)
Flow of dye with diffusion

We wish to understand the structure of the solution u of (f) within this
plume, as € — 0.

Since the width is presumably of order O(e/?) for times 0 < t; <t < t, and
the total mass of dye corresponding to the same time interval is t, —t;, we expect
u° to be of order O(¢~%/2) along C. This suggests that for us to understand the
asymptotics as ¢ = 0, we should turn our attention to the rescaled variables

9 z =g~ 12y, v = el20E,

the powers of ¢ selected so that z, v¥ = O(1).

We must therefore rewrite the PDE (f]) in terms of the new variables ¢, z
and v®. For this, we need first to study the structure of the velocity field b along
the curve C. Let us therefore write

(10) b = o(t)r + {a(t)r + B(t)v}ly + OO,

where, as noted before, 7 = b/o is a unit tangent vector to C. Now for any
smooth function w:

dx! dx?
Wy = Wy, == + Wy, - = wy, o(1 —xy)! + wy, o(1 —xy)r?
and
ax! dx? 1 )
w, = wxla + w,QW = Wy V' + Wy, V2
Thus

_ wp*—w,o(1-xy)r?

(11) 1 O'(l—Ky) ’

—w!+w,o(1-ky)r!
2 T o(1-xy)
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Therefore using ([L0), (LT) (for w = u®), we can calculate
b - Duf = [0t + (at + Bv)y + O(y?)] - Du®
u; ayu;

T (-xy)  o(l—xy)
1

+ Byus, + O(y*|Duf|).

Since v¢ = £!2uf, z = £~1/2y, we can rewrite the foregoing as
(12) b - Dvf = ¢ + Bzuvg + O(Y?).

Similarly, we calculate using (I() and (1)) (for w = b, b?) that

1
divb = a(Txy)[b}Vz - b%Vl] + [le_% — sz})]

- U(1+Ky)[(afl)tvz — (o) ']

+ [tY(at? + Bv?) — 2(at! + Bv)] + O(y)
of
_ (5 + 5) +0(y).
Here we used the identity 7 = oxv. It follows that
(13) (divb)v = (g + 5) V¢ + O(e"2),

In addition, a similar heuristic argument, the details of which we omit, suggests
that
(14) eAVE = VS, + O("2).
Combining now ([2)-(I4) and recalling (P)), we at last deduce v° satisfies
(15) v — 0%, + (Bz0%), + gvf = O(e'2).
We suppose now that as € — 0, the functions v converge in some sense to
a limit:
(16) ¥ > v inR2
Then presumably from (L3) we will have
(17) v — Uyy + (B2V), + gv =0 inRx(0,c0).
We therefore expect
(18) uf = e 120f = ¢712(v 4+ 0(1)),

with v solving (I7). The PDE ([[7) is consequently a parabolic approximation
(in the variables ¢, z = £71/2y) to our elliptic equation (Z). The proper initial
condition should be

(19) vz% on R x {t = 0}.
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We will see in Problem [[3 that an explicit solution of ([I7), (19) can be found,
in terms of the solution of an ODE involving 3.

4.5.2. Laplace’s method. Laplace’s method concerns the asymptotics as e —
0 of integrals involving expressions of the form e~!/¢, I denoting some given
function.

Example 2 (Vanishing viscosity method for Burgers’ equation). We next in-
vestigate the limit as ¢ — 0 of the solution u® of the initial-value problem for
the viscous Burgers’ equation

u; +ufué —eus, =0 inR x (0, 00)
(20) e _
u*=g onRXx{t=0}
Remembering formula ([I() from §4.4.1], we note

x—y =KGp.D

T

(21) us(x, f) = ——— o ;
Joe = dy
for
x =y
(22) K(x,y,t) = +h(y) (x,y€R,t>0),

2t

where h is an antiderivative of g.

What happens to u® as ¢ — 0? Mathematically the term “cu,,” in (20)
makes the partial differential equation act somewhat like the heat equation,
in that the solution uf is infinitely differentiable in R X (0, o), in spite of the
nonlinearity. This follows from the explicit formula (2I). On the other hand,
an obvious guess is that the solutions u® should converge as ¢ — 0 to a solution
u of the conservation law

U2
ut+<—> =0 inRXx(0,00)
X

(23) 2

u=g onRXx{t=0}

Physically, we regard the term “cu$,” as imposing an “artificial viscosity” effect,
which we are now sending to zero. We expect that this vanishing viscosity tech-
nique should allow us to recover the correct entropy solution u of (23), which
may have discontinuities across shock waves, as the limit of the solutions u® of
(B0), which are smooth.

We must understand the limiting behavior of the expression on the right-
hand side of (R1)), ase — 0.
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LEMMA (Asymptotics). Suppose that k,l : R — R are continuous functions,
that 1 grows at most linearly and that k grows at least quadratically. Assume also
there exists a unique point y, € R such that

k(yo) = min k(y).
yeR

Then
0 -k
S e dy
24) lim o =1(yg).
e—0 co 22
Jooe e dy
Proof. Write k, = k(y,). Then the function
eko—k(y)
M) = ——mm— O ER)
Jo.e ¢ dz
satisfies
25) pe 20, S u(y)dy =1,
ue(y) — 0 exponentially